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PKEFACE. 



The present work is intended chiefly for students 
preparing for Matriculation at the XJniyersity of Lon- 
don. It is introductory to the Author's works for the 
Examinations subsequent to Matriculation, and follows 
the same form and order ; so that students in pursuing 
the subjects further will be able easily to connect what 
they have to learn with what they have already learnt. 
At the same time the book by no means represents the 
narrowest view which may be taken of the Curriculum 
of the London University, but will, it is hoped, be 
found useful in schools generally, as containing a 
systematic explanation of the more elementary prin- 
ciples of this branch of Natural Philosophy, and being 
calculated to lay a sound foundation for a more 
advanced study of the subject. 
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MECHANICS. 
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L-INTEODUOTION. 

1. A BODT is at rest Yfhen it constantly keeps the 
same position in space, and it is in motion when it 
occupies successively different positions. 

2. To illustrate these conditions, let us place a stone 
or other body on a horizontal table. If left to itself, 
the stone will remain for an indefinite length of time in 
the same position. 

Imagine the table to be suddenly removed ; the stone 
will no longer remain at rest, but will fall to the earth. 
Why does it take that particular direction ? A physicist 
would tell us that there is a constant attraction between 
the earth and the stone, and that the movement of the 
stone is due to this cause. 

Whenever a body at rest is made to move, there 
always exists a cause of the motion, the action of which 
is due to the presence, near or remote, of another body; 
in other words, a body without life cannot move of 
itself. 

3. If the stone be projected along a level road, the 
speed with which it leaves the hand will not be main- 
tained^ but wiU be gradually diminisheii, \iil\1\ ^\i^^ 



2 INTRODUOnOK. 

the stone will stop in its course. If, instead of tbe 
road, the frozen surface of a lake be chosen, the same 
stone thrown with the same force will trayel much 
further on the ice than on the road. And if, instead 
of the irregular stone, we roll a smooth ball of ivory on 
the ice, the distance traversed will be greater still. It 
is evident, therefore, that the stone is gradually stopped 
by the resistances it encounters. 

Similarly, whenever a body ceases to move, it does 
so because its motion is destroyed by the resistances it 
meets with. The more we diminish these resistances, 
the longer and the further will the body move ; and, 
consequently, if we imagine that they are all suppressed, 
we shall be led to the conclusion that the body under 
these circumstances would continue to move for an 
indefinite length of time ; in other words, that a body 
cannot of itself alter its speed. 

4. Neither can it change the direction of its motion. 

If no obstacle be encountered in its course, the ivory 
ball thrown on the ice will turn neither to the right nor 
to the left. It is true that a stone thrown into the air 
returns to the ground, but this is because its weight 
tends constantly to bring it to the earth. Conceive the 
weight and the resistance of the air removed, and the 
stone will continue to move in a straight line with uni- 
form speed. This fundamental principle in Mechanics 
is termed the First Law of Motion, and may be 
enunciated thus: — 

When a body is not o/Cied on by any external agent, if 
it be in a state of rest it mil remain so, and if it be in 
motion it will continue to move in a straight line with 
uni/orm speed. 
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Force. 



5. When we raise a burden, set in motion a body 
at rest, or arrest a body already in motion, we are 
conscious of exerting a certain effort, and the term force, 
which we give this effort, is naturally applied to similar 
causes. 

A force is therefore any cause tending to move a lody 
to change its motion, or to keep it at rest when other 
forces are acting upon it. 

For a long time the forces employed by man were 
only those furnished by human and animal labour; but, 
in proportion as progress in science has been made, we 
have not only utilised these natural mechanical forces, 
but have subjected to our use others which were before 
unknown; as, for example, forces arising from the 
motion of the air, a running stream, the changing 
of water into vapour by heat, chemical action, 
electricity, &c. 

6. Forces from different sources, however, may be 
compared with one another, and are capable of nume- 
rical valuation. 

The science of Mechanics does not consider the 
nature of the forces, but treats only of the properties 
common to all; and a force will be regarded as fully 
determined when we know the point at which it is 
applied, its direction, and its intensity. 

7. Forces do not always have the effect of producing 
or modifying the motion of a body; other forces acting 
at the same time may counteract them. A weight 
held in the hand is not the less heavy because it does 
not iall ; it is prevented from falling by «b iox^^ ^'sak!^^ 
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equal to it, bat opposite in direction. If the weight 
be placed on the table, it is still prevented from falling 
bj a force exerted by the table. This force is termed 
a reaction, or a resistance. Whenever a body acted on 
by a force is at rest, we may at once conclude that 
there exists a resistance which counteracts the force. 
When two or more forces neutralise one another, so as 
to keep the body or the particle on which they act at 
rest, they are said to be in equilibrium, 

8. The science of Mechanics may be conveniently 
divided into two parts. 

Statics treats of forces in Equilibrium. 

Dynamics treats of forces which produce motion. 



n.— STATIOa 

9. Three things have to be considered in a force. 

Ist. Its intensity or magnitude. 
2nd. The point of application. 
8rd. The direction. 

The ICagnitude of a Force. 

10. Two forces are equal when, if applied at the same 
point in opposite directions, they will be in equilibrium. 
One force is twice another when the first will counter- 
act two forces, each equal to the second, applied to 
the same point, but in the opposite direction ; so also 
one force is thrice another when three of the latter 
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will be required to keep the former in eqnilibrinm, and 
60 on. 

11. The magnitude of a force is estimated by stating 
bow many times a given unit will be equal to it. The 
nnit nsnallj employed is a pound. Although forces 
are obtained from different sources, they may all be 
compared mth the pound weight. 

We will describe an instrument which may be used 
to compare forces of different kinds with the unit of 
weight. 

12. Figure 1 represents a spring 
balance for this purpose, con- 
sisting of an elastic band of steel, 
B o A, to the ends of which metallic 
graduated arcs are attached. The 
outer arc, da, is fixed to the lower 
arm, passes through an aperture 
in the upper, and terminates in a 
ring, F. The inner arc is attached 
to the upper arm, passes freely 
through the lower, and terminates 
in a hook, o. Place the ring on a 
firm support, and hang a weight 
of one pound upon the hook. The 
two branches of the steel band 
will approach each other until the 
elasticity of the bar counter- 
balances the weight. Mark on 
the arc, a d, the position of the 
bar. Suspend in a similar manner 
weights of 1 lb., 2 lbs., 3 lbs.. 




Fig. 1. 



&c., and make the corresponding marks until the 
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gradnatdon of tbe arc is completed. Aiij force wliicli 
vhen applied to the inBtmment produces a certain 
deflectioTi is equal to the weight which would produce 
the same. 

A spiiug balance nsed to compare forces differing in 
kind may be termed a di/nameter. 

Figures 2 and 8 represent oUier forms of the inBtra- 
meut. If the ends of the bar, a o n in Fig. 1 were 




Kg. 2. 



Kg. 8. 



nnited to a similar bar, hy joints at a and b, the 
strength of the instrument would be greatly increased, 
and by means of such an arrangement we shonld be 
able to compare even forces of great magnitude witb tbe 
nnit of weight. If we wish, for example, to mea- 
sure the force with which a horse draws a carriage 
along a paved road, it will only be necessary to inter- 
pose tbe djnameter between the horse and carriage, 
attaching one to the ring, and the other to the hook. 



nEPBESENTATION OF FORCES. 

The Direction of a Force. 

13. When a body is suspended by a threaa 
(Fig. 4), the thread takes a determined direc- 
tion, termed the vertical ; if it be suddenly cut, 
the body will fall in the direction of the vertical. 
This is therefore termed the direction of the 
weight. 

The direction of a force applied to a point 
is the straight line along which the point would he 
displaced if it were free to move* ^A 

Fig. 4. 

Graphic Kepresentation of Forces. 

14. In the three properties we have described, forces 
may be represented by straight lines. For example, 
the direction of the line may represent the direction of 
the force, the extremity of the line the point of appli- 
cation of the force, and if we agree to represent a 
unit of weight by a unit of length, as for instance, by 
taking a line of three inches to represent a force of 
three lbs., then the magnitude of the line will repre- 
sent the magnitude of the force. 

The Transmissibility of Forces. 

15. If a weight be attached by a cord to the spring 
balance in Fig. 1, the effect will be the same at what- 
ever point in the cord the weight be tied. Similarly, a 
force may be applied to a body directly, or by the 
interposition of a rigid rod, and, supposing the rod to 
be supported indeoendently, the result will be the 
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same. The general principle here illustrated may be 
stated thns. A force may he applied at any point in 
the line of its direction, provided this point be connected 
with the first point of application by a rigid and inex^ 
tensihle straight line. 

Let A B (Fig. 5) be a string, at the extremities of 
Trhich equal forces are acting in opposite directions, it 



— p B c A * 

Fig. 5. 

is clear that the string will be in equilibrium. Take 
any other point, c, in the string, and remove the 
force, F, from a to c, still the force will be in equili- 
brium. Hence we may consider the force applied at 
one end to be transmitted throughout the string, and 
we may suppose two opposite forces at any point, 
each equal to f. Either of these forces is termed the 
tension of the string. Suppose the string to pass round 
a smooth peg, ring or surface, in this case also the 
tension of the string is the same at every point. 

Besultant of Forces in the same Straight Line. 

16. If we hang two weights of 1 lb. each to the 
dynameter, the indication of the instrument will be 
precisely the same as if a single 2 lb. weight were 
attached to it. Three weights of 1 lb. each produce the 
same effect as a single 3 lb. weight. Similarly, forces 
of 3 lbs. and 5 lbs. may be replaced by a single force 
of 8 lbs. And, generally, it is evident that when two 
or more forces act upon a point in the same straight line 
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in the same direction, their effect will he equivalent to that 
of a single force equal to their sum. 

Conversely, if for a single force two others, the sum 
of which is equal to the firsts he substituted^ the effect 
will he the same. 

Let us now apply at the point o two nneqnal forces 
in opposite directions, the one, p', acting horizontally 
from left to right, and the other, f, horizontally 
from right to left (Fig. 6). If f' be a force of 2 lbs. 
and F of 3 lbs.| we may substitute three single forces of 



.^5 — I 1 • 1 — ^ 



Fig. 6. 

1 lb. each for the latter, and two of them will then be 
in equilibrium with the former. There remains a free 
force of 1 lb. acting from right to left. The body 
imder the influence of the two forces is therefore in 
the same condition as if it were acted on by a force, 
F — f', in the direction of the greater. Whenever two 
unequal forces act on a particle in the same straight 
line, but in opposite directions, the greater may be 
divided into two parts, one of which is equal to the 
less, and will therefore neutralise it, and an efifec* 
live force will remain in the direction of the greater, 
equal to the difference of the forces. 

The single force which will produce the same effect as 
several forces acting together, is termed the resultant of 
the forces ; hence the general proposition explained 
above may be enunciated thus. 

When any number of forces act upon the same point, 
in the same straight line, their resultant mac^ b^ i<;:iv^^ 
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by taking tHe difference between the sum of all the 
forces acting in one direction, and the sum of all the 
forces acting in the other, the direction of the resul- 
tant being that of the greater sum* 

Let us agree to write a + sign before all the forces 
acting in one direction, and a — sign before all those 
acting in the opposite direction, and then we may state 
the rule thus: — The resultant of a number of forces 
acting in the same straight line is equal to the algebrai' 
cal sum of the forces. 

1 7. The forces which are thus combined are termed 
the Components^ and the process of finding the resul- 
tant is termed the Composition of Forces, The con- 
verse operation, namely, that of finding Component 
forces which shall have a given resultant y is termed the 
Resolution of Forces. 

The resultant is the single force which 
will produce the same effect as the com- 
ponents ; hence, if to a system of forces 
a new force be added, exactly equal to 
the resultant, and opposite in direction, 
this force will keep the system in equi- 
librium (Fig. 7). Thus the problem 
to find the resultant also gives the force 
required to keep the system in equili- 
brium. 
Fig. 7. 
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Exercises. 

1. If a force whicli will snpport a weight of 18 lbs. be repre- 
sented by a line 3 ft. long, how long mnst be the line which will 
represent a weight of 1^ cwts. ? — Ans, 28 fb. 

2. In the above case, what weight will a line of 17 in. repre- 
sent ? — Ans. 8^ lbs. 

8. The force reqnired to balance two others acting together in 
the same straight line is five times one-fourth of larger force, 
what multiple is it of the smaller ? — Ans, 5. 

4. When 'a ton is represented by a line 5 ft. 4 in. long, what 
force will a line 7 in. represent ? — Ans. 2 cwt. 21 lbs. 

5. The weight of a cubic foot of a substance is 6 cwt., and is 
represented by a line a foot long, what will be the length of the 
line required to represent 720 cubic inches of the same substance ? 
— J.ns. 5 inches. 

6. When two forces act together they have a resultant of 
12 lbs., and when they act in opposite directions their resultant 
is 2 lbs. ; find the forces. — Ans. 5 lbs. and 7 lbs. 

7* A string supports a weight of 4 lbs. at its extremity, another 
weight of 5 lbs. above the first, and a third of 7 lbs. above the 
second : find the tensions of the three parts of the string. If 
Ihe tension of tho middle part be represented by a line 11^ in. 
long, what will be the length of the lines required to represent 
the others f^Ans. Tensions, 4 lbs., 9 lbs., 16 lbs. ; lines, 5 in. 
and 20 in. 
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Fig. 8. 



in.— THE COMPOSITION AND RESOLUTION OF 

FOECE& 

Torces in the same Plane meeting at a Point. 

1 8. Suppose two forces not in the same straight line 
act on a point h (Fig. 8). If left to the action of these 

forces only, the point will begin to 
move in a certain direction. There 
must, therefore, be a single force 
which will produce the same effect, 
and therefore, also, a force which will 
counteract this effect. We have to 
consider how we can find the mag- 
nitude and direction of this force. 

Over two pulleys, m and n 
(Fig. 9), capable of moving 
without friction, pass a fine 
thread of silk. To the mid- 
dle point B tie a very light 
strip of wood bd. Take 
a number of small equal 
weights, and attach two of 
them to each eid of the 
thread, and three to the 
extremity e of the strip b d. 
The point b will descend to 
a definite position, and will 
then remain at rest. 
Let us examine the position of equilibrium. First, 
wc shall find that the rod e d will bisect the angle 
MB n; And this will always be the case whatever the 




Fig. 9. 
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weights, provided that those at m and n are equal. 
Again, take a certain length — an inch, for example — 
to represent the weight p, and measure off on b n and 
B H as many inches as there are weights at each end 
of the thread and through the points a and o thus 
determined, draw a d and o d parallel to b o and a b 
respectively. These lines will meet the rod in tho 
same point d, and it will he found that the line b d will 
contain as many inches as there are weights attached 

to B. 

Instead of equal weights sus- 
pend 3 p At one end of the 
thread, 2 ^ at the other, and 
4 p to tho rod (Fig. 10). The 
form of the figure will be 
changed, but if we measure 
onBOi three units of length, and 
draw A D parallel to b c, also 
measure on b o two units, and 
draw o d parallel to b a, still 
we shall find that these straight 
lines intersect at a point d on 
the rod, and that the line b d contains as many units of 
length as there are weights at e. 

This experiment illustrates the fact, that, in order to 
find the resultant of two forces acting on a point, wo 
must take on their directions lengths proportional to 
the forces, and complete on them a parallelogram. The 
diagonal of the parallelogram through the point of 
application will represent tho resultant of the forces in 
magnitude and direction. 

19. We may here remark that th^ tloi^^d. tcc(x^\» \^ 




Fig. 10. 



14: PARALLELOGRAM OF FORGES. 

tied to the rod, in order that there may be equilibrium 
with unequal weights at m and n. If the weight at b 
be attached by a ring, as in Fig. 11, the tension in 




Fig. 11. 

the two parts of the string must be equal. The 
parallelogram in this case is equilateral. 

The proposition above explained is termed the 
Parallelogram of Forces. 

20. If two forces acting on a particle he represented 
in magnitude and direction hy two adjacent sides of a 
parallelogram, the resultant of these forces will he repre^ 
sented in magnitude and direction hy that diagonal of 
the parallelogram which passes through the particle. 

From this important law we may make several 
deductions. 

(i.) If two equal forces f, f', act on a point m, the 
resultant bisects the angle between them (Fig. 12). 

(ii.) Three equal forces making with each other 
angles of 120® (Fig. 13) will be in equilibrium, for the 
resultant of any two will be equal and opposite to 
the third. 

(iii.) We may always replace a single force by two 
others which will have the same effect as the single 
force, and which will act on the same point in any 
given directions. 

(iv.) When the two forces act at right angles, the 
resultant will he found bj adding the aqjOLMea of the 
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numbers, measiiTiog the forces, and taking the square 
root of the snm. 

Thns, if p and q be the forces acting on the point at 
right angles to one another, and b their resultant, 
then b' = p* + Q*. 



Examples. 

1. Find the resultant of two forces of 8 lbs. and 15 lbs. 
respectlYely addng on a particle at riglit angles to one another. 

p«= S«= 64 
Q2 = 15« = 225 



E« = 289 



.-. E= nibs. 



2. If the resnltant of two forces acting at right angles be 
53 lbs. and one of the forces be 45 lbs., find the other force. 

E« = 53« = 2809 
ps = 452 = 2025 



Subtract.'. Q* = 784 
.-. Q = 28 

21. Remark, that the unit of length taken to re- 
present a unit of force may be anything we please, but 
when a certain line has been taken to represent a given 
force, the unit is fixed, and must be maintained 
throughout the problem. 

Example 3, — ^A boat is held at rest in a stream by cords, A 0, 
B O (Fig. 14), attached to stakes in the opposite banks, and a 
nope, C O, fastened to the boat C. Show how V^ -&iA^^ 
atio oS tha tenBuma in the oords. 
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Take any length A' to represent the tension in O A. Through 
A' draw a line parallel to O B, and produce C O to meet it. From 
the point of intersection draw a parallel to O A, meeting O B in 
B'. The ratio of O A' to O B' will be the ratio of the tensions. 
The parallelogram might have been constructed on any two of 
the lines. If the absolute value of one of the tensions is known, 

is known, and the tension in the other cords may now be found. 






Fig. 14. 




Fig. 15. 



4. Show how to find the magnitudes of the forces when the 
magnitude and direction of the resultant are given, and the 
directions of the forces. 

Let M represent the point on which the forces act (Fig. 15), 

draw the lines M A, M B, having respectively the directions of 

^0 two forces, and the line M C, having the dxcQC^ou of the 
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resultant. Take some nmt of length to represent a unit of 
weight, and on the scale chosen cut off M G to represent the 
magnitade of the resultant B. Through G draw G A parallel to 
H B, and G B parallel to M A, then M A, M B, will represent the 
forces in magnitade, for the forces represented by these lines will 
by the parallelogram of forces have for resultant the given force B. 
5. Two forces which act at right angles on a particle have 
the ratio of 9 to 40, and their resultant is 123 lbs. ; find the 
magnitudes of the forces. 

Since the forces are as 9 to 40, one is nine times some unit of 
which the other is 40 times. 

LetP = 9a .*. Q = 40a 
P«= 81a« 
Q« = 16 00 a« 
B«= 1681 a«= (41a)« 
butB = 123 lbs. 
.•.41a = 123 lbs. 
a » 3 lbs. 
.-. P = 271bs. and Q= 120 lbs. 



Exercises. 

1. Define the term force, and show that all forces may be 
compared with weight. 

2. In what respects may a force be represented by a straight 
line? 

3. What is the Principle of the Transmissibility of Force ? 

4. Define the term EesvXtantf and show how to find the 
resultant of two or more forces acting in the same straight line. 

5. Enunciate the Parallelogram of Forces. 

6. Show that if the directions of two forces acting on a point 
include an angle, their resultant is less than if they act in the 
came straight line and in the same direction. 

7. What must be the directions of two forces that their 
leeiiltant may be the least possible ? 

8. Three ropes, P A, Q A, B A, are knotted to^etibcnc «.! l\i^ 
point ;A/ PA 13 attached to a tree, Q A an^iBi iLVte ^^iSki^^V^ 
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two men ; having given tHe angle Q A B, and the force exerted 
by each man, show how to find the pressnre on the tree. 

9. Show how to find the resultant of two forces when the 
directions of the two forces, the direction of the resultant, and 
the magnitude of one force are given. 

10. Show how to find the direction of the resultant of two 
forces when the magnitudes of one force and the resultant as well 
as the directions of the two forces are given. 

11. Show how to find the magnitude of two forces, having 
given their directions and the direction and magnitude of their 
resultant. 

12. Two forces, P and Q, act on a point at right angles; 
P = 16 lbs., Q = 63 lbs.; find U.—Ans, 65 lbs. 

13. IF P = 13 and Q = 84, the angle being right, find R.— 
Arts. 85. 

14. The angle between P and Q is right, P = 112 cwt. and 
R = 113 ; find Q,—An8. 15 cwt. 

15. The ratio of P to Q is 33 : 56, and the resultant is 
130 lbs.; find P and Q, the angle PQ being right.— -Ins. 66 lbs. 
and 112 lbs. 

16. The resultant being 85 lbs. and Q 77 lbs., find P when 

L PQ is right— Ans. 36 lbs. 

17. P, the greater of two forces, is 8*2 lbs. less than R, which 
is 30^ lbs. ; find Q, the less, PQ being a right angle. — Ans. 
13-6 lbs. 

18. The smaller of two forces which act at right angles is 
7*2 lbs., and the sum of the resultant and the larger force is 
259*2 lbs. ; find the resultant and the larger force. — Art^. 129*7 
and 129*5. 

19. For a given vertical force a horizontal and on oblique 
force have to be substituted; the horizontal force equals the 
given force; find the magnitude and direction of the oblique 
force. 

20. Two forces which act at right angles are to one another as 
16 to 63, and the resultant is 13 lbs. ; find the forces. — Arts. 
SJ9 and 12-6. 
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IV.— APPLICATIONS OP THE PAEALLELOGEAM 

OP PORCES. 

22. By means of the Parallelogram of Forces we 
may always find the resultant of two forces acting on a 
point when we know the magnitudes of the forces and 
the angle between them, but the magnitude of the 
resultant can be calculated numerically without the aid 
of trigonometry only in the case of a few angles, 
namely, when the given angle is one of the angles of 
the following triangles : — 

(i.) A right-angled triangle in which the acute 
angles are respectively 30° and 60°. Such a triangle 
is half an equilateral triangle, and it is easily proved 
that 

The shortest side = half the longest. 

The third side= ^^5 x the shortest, 
(ii.) An isosceles right-angled triangle (in which of 
course the angles are 45°, 45°, and 90°.) 
The hypothenuse = either side x >/2. 

23. To find the diagonal of the parallelogram when 
the two sides and included angle are given. 





Let A M B be the parallelogram, and let c d be the 
perpendicalMr onuA from the point c. 
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First, let the angle at m be acute, as in Fig. 16, 
then 

or since MD =MA + AD 

MC^ = (MA + ADf + DC« 

=-MA' +AC^ + 2MA-AD. 

Secondly, let the angle at m be obtuse, as in Fig. 17, 

then M C» = M D» + D C^ 

= (MA — AD)> + DC^ 
= M A> + A C^ — 2 M A- A D. 

Now it has been shown above that a d can be easily 
found from a o when the angle at m is either 60®, 30% 
45% (180®— 60'*), (180®— 30®), or (180®— 45®). 

Thix8,ifOAD«60°,DA=-AC,andCD ='^AC=-866AC. 

2 2 

>/8 1 

if AD-30% DA=^T- AC, and CD= - AC. 

z « 

AC V2AC 

if CAD«45% DA=DC=-^^ 2~ ^'"^^"^ ^^' 

24. To find the resultant of two forces p and q, 
when they act at one of the simple angles. 

Let M B represent Q, .*. A C also represents Q, and let A M 
represent P. 

Then, if ^BM A = 60°, E« = P«+Q* + PQ. 

ifiLBMA = 80°, E« = P« + Q« +^/3•PQ. 
ifi.BMA = 45°, R«=« F» + Q«-f-^/2PQ. 
ifl.BMA « 120°, E« = P« + Q« — PQ. 
ifi-BMA = 150°, E« = P« + Q«— >/3PQ. 
ifI.BMA = 135°, E« = P> + Q«— >/2PQ. 

Example. Find the resultant of two forces of 12 lbs. 
and 8 lbs. respectively, acting at an angle of 60®. 
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In Fig. 16 let MB = 12, MA = 8, and z. bma = 
G0% then ao = 12, and since z. dac = 60% ad = 
C, .-. DC = 6^3. 
And MD = MA + AD = 8 + 6 = 14 

.-. mc2 = md2 + Dc«=14«+(6>/3)2=196 + 108 
.-. R =^(304) = 17-43558. 
Or we may apply directly the formula — 
mc'ssma' + AC* + 2ma*ad 
.-. R^ = 8» + 12» + 2 X 8 X 6 = 304. 

Conditions of Eqnilibriiun. 

25. Any relations which must hold amongst the 
forces when there is equilibrium, and such that there is 
always equilibrium when the relations are fulfilled, are 
termed the Conditions of Equilibrium. 

26. The condition of equilibrium of two forces acting 
on a point is that they be equal and opposite. 

27. When three forces act upon a point, the condition 
of equilibrium is that any one of them shall be equal 
and opposite to the resultant of the other two. 

28. When the three forces act at points in a solid 
body, and are not parallel, one condition of equilibrium 
is that their directions shall meet in the same point. 

29. It is evident that we may add to or subtract 
from a system of forces any set of forces which are in 
equilibrium amongst themselves. For example, if we 
wish to find the resultant of three forces of 30 lbs., 
50 lbs., and 60 lbs., acting at angles of 120% since 
three forces of 30 lbs. acting at 120° will be in equili- 
brium, we may subtract 30 lbs. from each of the forces, 
and find the resultant of the remaining 20 lbs, and 
80 lbs. acting at an angle of 120\ 
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Exercises. 

1. Find tHe resultant of two equal forces of 15 lbs. acting on a 
point at an angle of 60°. 

2. Find the resultant of equal forces of 20 lbs. acting on a 
point at an angle of 30°. 

3. Find the resultant of equal forces of 40 kilogrammes, the 
angle between them being 45°. 

4. Find the resultant of equal forces of P lbs., the angle 
between them being 120°. — Ans. P lbs. 

5. Find the resultant of equal forces of 100 lbs., the angle 
between them being 135°. — Ans, 76*5. 

6. Two forces of 10 lbs. and 42 lbs. act upon a point at an 
angle of 120° ; find their resultant. — Ans. 88 lbs, 

7. Forces of 8 and 12 lbs. act at an angle of 60°; find the 
resultant. — Ans, 17'43. 

8. Forces of 9 and 11 lbs. act at an angle of 120°; find their 
resultant. — Ans. 10*14. 

9. The resultant of two forces, P and Q, is perpendicular to 
F ; show that it is less than Q. 

10. Two forces, each equal to 50 lbs., act at an angle of 150°; 
find their resultant. — Ans, 25*8819. 

11. At what angle must two equal forces act to produce the 
same effect as one of them ? 

12. Two rafters, making an angle of 60°, support a chandelier 
weighing 90 lbs. ; what will be the pressure along each rafter ? 
—Ans, 30V3 lbs., or 51*96 lbs. 

13. For a given vertical force two other forces are to be sub- 
stituted, one horizontal and the other making on angle of 45° 
with the vertical ; find the magnitude of the forces. 

14. The resultant of two equal forces acting upon a point at 
an angle of 90° is 10 lbs. ; find the value of each component. — 
Ans. 7-07107 lbs. 

1 5. The resultant of two equal forces acting upon a point at 
an angle of 135° is 10 lbs. ; find the value of each component. — 
Ans, 13*0659 lbs. 

16. The resultant of two forces acting upon a point at an angle 
ofl50°ia 95 lbs,; one of the components is 55 lbs.; find the 

oiher component— Ans. 80^/3 lbs., ox iaa*oft. 
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The Polygon of Forces. 

80. When any nnmber of forces f, f', f", f"', act 
upon a point m, we may find the resultant of the whole 
by combining two, f and f', by the Parallelogram of 
Forces (Fig. 18), then their resultant b' and the third 
force f", and so on. When 
this construction is made, 
it will be found that by 
neglecting the successive 
diagonals it amounts to the 
following rule. 

31. From any point draw 
lines parallel and propor- 
tional to the forces; from 
the extremity of one of 
these lines draw a line 
parallel and equal to the 
next ; from the end of this 
draw a line parallel and equal to the third, and so on. 
The line joining the open part of the polygon thus 
formed will be parallel and equal to the line represent- 
ing the resultant. (Fig. 18.) 

32. If the polygon be a closed polygon, the forces 
hare no resultant, that is to say, there is equilibrium. 
For example, let ma, h b, mo, m d, represent forces 
acting on the point m. From a draw a b', parallel and 
equal to m b ; from b' draw b' o', parallel and equal to 
M o ; and from c' draw o' d^ parallel and equal to m d ; 
then M d' represents the resultant in magnitude and 
direction. If the polygon be closed, so that d' coindde^ 
wilh M, then the forces are in eqnilibTvwm. 




Fig. 18. 
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A particular case of this proposition is termed the 
triangle of forces. 

33. When three forces acting on a 
particle can he represented in mag^ 
nitude and direction hy the three 
sides of a triangle taken in order , they 
toill he in equilibrium. 

34. The converse of this propo- 
sition is also true. When three forces 
acting on a particle are in eguili- 
hrium, the sides of any triangle which 
are parallel to the lines of action of 
the forces are also proportional to the 
forces, 

35. Let R 8 T be three forces acting on a point 
(Fig. 19), and let the sides of the triangle a b c be 
respectively parallel to the forces, 

thus A B parallel to r 

6 ,, to s 

OA ,, to T 
Then the first of the above propositions states that if 
A6:Bo:cAasR : s : t, then the forces are in 
equilibrium ; and the second states that if the forces are 
known to be in equilibrium, and the triangle a bo 
be constructed with sides parallel to the forces, then 
AB:Bo:OAasR:s:T. 

36. It must be remembered that these propositions 
apply only to forces acting on the same point. 
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Exercises. 

1. Show how to find the resultant of a number of forces acting 
on a point. 

2. Three equal forces act on a point at right angles ; find their 
resultant. 

3. Three forces, P, Q, and B, act on a point, the angles 
A A 

PQ and QR are each 60®; P = 2 lbs., Q = 8 lbs., E = 2 lbs., 

find the resultant. — Arts. 10 lbs. 

4. Seven forces act on a point so that the angle between every 
consecutive two is 45°. The first force and the alternate forces 
from the first are each 5 lbs. ; the second and alternate forces 
from the second are each 8 lbs., find the resultant of the whole. 
— Ans. 8 lbs. . 

5. If two lines, A B, C A, represent two forces acting on a 
point, the one towards the point and the other from it, show how 
to find the resultant. 

6. Three forces of 119, 120 and 169 lbs. act on a point and 
keep it at rest ; show that the angle between the first and second 
is a right angle. 

7. A cord is attached to two fixed points, A and B, in the 
same horizontal line, and bears a ring weighing 10 lbs. at C, so 
that A G B is a right angle ; find the tension in the cord. — Atis. 
hy/% lbs. 

8. Two cords, A — 44 inches, B C = 117 inches, are attached 
to points A and B in the same horizontal line and to a weight of 
10 lbs. at C. The angle A C B is a right angle ; find the pressures 
on A and B.—Ans. 3*52 and 9*36 lbs. 

9. Prove that if two forces be represented by two diagonals of 
a parallelogram, their resultant will be represented by a line equal 
to twice one of the sides of the parallelogram. 
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37. Take a bar of iron b o (Fig. 21), and attach it 
by the middle point d to a fine thread passed oyer u 




Fig. 21. 

pulley B capable of moving without friction. To the 
other end of the cord attach a mass of lead and a hook 
A, which will exactly balance the bar. Take a number 
of equal weights and suspend one of them from each of 
two points on the bar equally distant from d, and two 
others from the hook ; there will still be equilibrium. 
Take off t}ie two weights from the bar and hang them 
one below the other at the point d : with this arrange- 
ment also there will be equilibrium. This is an 
illustration of the fact that two parallel forces, applied 
at two points in a body, produce the same effect as if 
they were applied together at the centre of the line 
which joins the points. 

Beplace one weight at b, suspend two others at c', 
midway between o and d (Fig. 22), and hang three 
from the hook at a ; iu this case also there will be 
equilibrium. 
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If d' be taken as the point of support, such that 
D c"=^ D B, then it will be necessary when one weight 




.•sv 



Fig. 22. 

is placed at b to suspend four from o" and five 
from A. 

38. These experiments, which might be multiplied 
and varied indefinitely, show that two parallel forces, 
acting in the same direction, can be counteracted by a 
single force parallel to them ; and consequently they 
may be replaced by such a force. Moreover, we learn 
that in magnitude the resultant is equal to the sum of 
the forces, and if one force be double or triple of the 
other, the point of application of the first must be twice 
or thrice nearer the resultant than that of the second ; 
in other words, the distances of the forces from the 
resultant are inversely proportional to the forces, 

B A C B 




Fig. 23. 

39. Let p, f' be parallel forces acting towards the 
same direction at the extremities oi a lo^ iL'ft ^^^.^^* 
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Let B be their resultaDt and let o be its point of applica- 
tion. The principle explained above is expressed by 
the following equations : — 

E= F + F 
F-A C = F-B C 
If E be any point in the continuation of b a then 

F-AE + F-BE = E-CE 
This is the general equation for determining the 
position of the resultant, that is to say, it includes all 
cases. For example, let s coincide with a, then 

F X + F-A B = EA C or F-AB = EA C 
Let B coincide with b, then 

F-AB + F X = ECBorFAB = E-CB 

Composition op Parallel Fobces actikg towabds 

opposite directioks. 
40. Let F and f' be parallel forces, acting in opposite 

directions, and let f be 
f^ the greater (Fig. 24). 

c A L The force f may be de- 

/ composed into two forces ; 

►'b' one represented by bb' 

R=F— F 1^ at B equal and opposite 

to f', and the other equal 
Fig, 24. to F — f' at a point c, 

such that, 

(F— F)-CA = F-AB 

or FAC = F-C B 

The forces at b will be in equilibrium, and an efifectiye 

force remains at o equal to p — f'. This, then, is the 

resultant b of the forces p and f'. Therefore the 

restdtant of two anlike parallel forces acting on a solid 



r 
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body at points a and b is eqnal to their difference, and 
acts in the direction of the greater, through a point o 
in the line ab produced on the side of the greater 
force, such that 

P : F :: CB : C A 

41. These cases may be collected under the follow- 
ing rule which applies to any number of parallel forces 
in the same plane. 

To find the magnitude of the resultant take the sum 
of those forces which act towards one direction from 
the sum of those which act in the opposite direction. 



B 

Fig. 25. 

To find the position of the resultant draw a straight 
line cutting the directions of all the forces, take a point 
A on this line and find the distances of the forces from a 
measured along the line. Multiply each force by its 
distance from the fixed point a, before each product thus 
obtained write the proper sign and add all the products 
together. 

Let X be the distance of the resultant n from a. 
Multiply B by a? and write the result on one side of an 
equation, the sum of the preceding products being on 
the other. 

42. We have yet to show how to determine the 
proper sign of each of the products. Imagine the line 
drawn from a to the force to be a rod jointed to the 
fixed point a, then if the force would tend to turn this 
rod in the direction of the hands of a clock make the 
Bign of the product + , but if thi© ioie^ N^oxiX!^ \fe\L\ \si 
tmn the rod in the opposite Section, \3[l^tl tcl"^^ ^^ 
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Sign — . Thus in Fig. 26 the product is + F*a, in 
Fig. 27 it is — F-a, in Fig. 28 — F-a, and in Fig. 29 
wo have + F'a. 



Pt^ 



a 



A-o- 



CL 




t 



a 



Fig. 26. 



Fig. 27. 



Fig. 28. 



F'A 



(8) 



•ir^ 



■t— i — I- 



Fig. 29. 

43. Example /. — Parallel forces of 2 lbs. and 6 lbs. 
respectively act at the ends of a rod 16 inches long ; 
find the magnitude and position of the force which will 
keep the rod at rest. 

Let B be the rod, and let d be the point of applica- 
tion of the force required, 
then D is also the point 
of application of ' the 
resultant of the given 
forces. 

The magnitude of the 
resultant =6+2 = 8. 
Fig. 30. To find the position of 

the point d, we may proceed in several ways, thus :^ 

First, Since the arms must be proportional to the 
forces, that is to say, as 6 : 2, if the rod be divided into 8 
equal parts, b d will be equal to 6 of these parts and o d 
to 2. Each part will be 16 -J- 8, or 2 inches, therefore 
B D = 12 inches and C D = 4 inches. 
Second, Or we may let b d = a? then o d = (16 — a;) , 
but by the above rule 

2BD — 6CD = 
or2x—e (16 — re) = 



(«) 



p 



X 



12 



Thirdly. Wo maj let b be the fixed point: of refer- 



H— I 



Fig. 31. 

ence and apply the above rale, letting b d = a; 
then FxO + PxCB = ExBD 
or2xO + 6xl6 = 8X3: 
.-. a: = 12 

44. The above rale fuls in the case of two equal and 
parallel forces vhich act towards opposite directions. 
Such a pair of forces has not a smgle resultant ; the 
forces forai what is teraied a couple. A couple can be 
kept in equilibrium only by another couple in the same. 

Centre of Fomllel Forces. 

45. To find the resultant of a number of parallel 
forces not in the same plane ; as, for example, when 
the forces act at points in a solid body we must first 
find the resultant of two, then combine that resultant 
with a third, and so on. 

Let r,r', r", &c., beforcea - 
acting at points a, b, o, &c., 
in a solid body. The resul- 
tant B, of F and F* will act 
at a point Lj in ab, such 
tiiat ali:bliBSf':f. J 
The resultant of Bi and f" 
will act at L, in the line i, o, 
BDch that Li L, : c L, as 
f" : »i. In this way we 
nuy proceed until we find 



f4. 
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the point l at which acts the resultant b of all 
the forces. 

46. Now suppose the direction of the forces to be 
changed, the forces being of the same magnitude, 
remaining parallel and being applied at the same points 
as before. The resultants Ri, R2) &c., though altered 
in direction, will still pass through the points Lj, Lj, &c., 
and the final resultant r will pass through the point l. 
Hence the resultant of a system of parallel forces acting 
at different points in a rigid body passes through a fixed 
point, the position of which is independent of the direc- 
tion of the forces. This point is termed the centre of 
the forces. 

Exercises. 

1. Show how to find the resolfcant of two given parallel forces 
acting towards the same direction, the distance between the 
forces being given. 

2. Forces of 8 lbs. Sud 12 lbs. respectively act at points A and 
B 12 inches apart; find the magnitude and position of their 
resultant. 

3. Show how to find the magnitude and position of the 
resultant of a number of parallel forces when the magnitudes and 
directions of the forces are given and their several distances from 
a fixed point. 

4. What is a couple ? How may a body be kept at rest when 
a couple is acting on it P 

5. The smaller of two parallel forces of 24 and 30 lbs. respec- 
tively is 5 inches &om the resultant ; what is the distance between 
the larger force and the resultant ? — Ans, 4 in. 

6. The resultant of two forces is 66 lbs. ; the smaller force is 
\^ of the resultant and is distant from it 3 ft. 6 in. ; find the 
other force and its distance from the resultant. — Ans, 36 lbs. ; 
2 ft. 11 in. 

7» The pezpendicular distance between two parallel forces 
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of 1 cwt. and 20 lbs. respectively is 2 ft. 9 in. ; find the distance 
between the smaller force and the resultant. — Ans. 28 inches. 

8. Two parallel forces which act at the extremities of a rod 
5} ft. long have a resultant of 1 cwt. ; one of the forces is 35 lbs ; 
find the distances of the points of application of the forces firom 
that of the resultant. — Ans, 20 and 44i inches. 

9. A B is a rod acted on at A and B by parallel forces P 
and Q. G is the point of application of their resultant B. Given 
that E = 154 lbs., Q - 99 lbs., AC =* 5 J ft.; find AB.^Ans. 
98 in. 

10. In the last example, given that A B » 16 in., E = 104, and 

P 8 

—= — ; find P, Q, AC, and B C—Ans, 39 lbs., 65 lbs., 10 in., 

Q 5 

6 in. 

11. At points equally distant on a rod 20 inches long, weights 
of 1 lb., 2 lbs., 3 lbs., 4 lbs., and 5 lbs. are suspended. The rod 
is to be supported by a single thread ; at what point must it be 
tied that the rod may remain horizontal ? — Ans. 13^ in. &om the 
end* 

12. A weight of 1} cwt. is carried by two men on a rod 8 ft. 
long. The weight is hxmg from the middle; one man is 1 ft. from 
one end and the other 2 ft. from the other end of the rod ; find 
the weight borne by each. — Ans. *9 cwt. and *6 cwt. 



VI.— MOMENTS. 



47. Snppose a rod o d, capable of turning about the 
fixed point o, to be acted on by a force f, the tendency 
of the force to tarn the rod about o depends on the 
magnitude of the force and on its distance from the 
point o. We might, for example, double this ten- 
dency, either by doubling the force, or by keeping the 
force the same and causing it to act at twice the dis- 
tance from o. Hence the tendency oi \\i!& ioit^ \.^ 
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turn the rod about o is measured by the product of tlie 

force by the perpendicular o d. 

48. The product of any force p hy the 'perpendicular 

from a point on its direction is termed the moment of the 

force with respect to the point. 

Thus if AM represent the force p (Fig. 33), the 

moment of f about o is a m x o d. This product is 

numerically ttvice the area of the tri- 
angle having the line representing the 
force for base and the given point for apex. 
49. We show therefore that the mo- 
ments of two forces are equal when 
we prove the equality of the triangles 
formed by joining the extremities of the 
lines representing the forces to the given 
point. 

50. It is evident that the moment of a force about a 
point in its own direction is zero. 

51. It is convenient to consider moments in one 
direction, as, for example, that of the hands of a clock 
as positive, and moments in the opposite direction as 
negative. 

The moment of a force is therefore a product, the 
sign of which is determined in the way described in § 42. 
Thus in Figs. 34 and 37 the moments are positive, and 
in Figs. 35 and 36 negative. 
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52, The following are the chief properties of 
moments : — 

(i.) The sum of the moments of a number of forces 
about any point taken with their proper signs is equal to 
the moment of the resultant about the same point. 

(ii.) When any number of forces are in equilibrium^ 
the sum of the moments with their proper signs about any 
point is zero. 

(iii.) When two forces act on a particle the moments 
about a point in the direction of the resultant are equal. 

Example. A horizontal beam a b 
is attached, by a joint at its middle . 'y^^B 
point c, to a vertical beam c d. A I 
weight of 6 cwt is suspended from a, ^ 
and a force f, applied at b in a direction 



c^ 



making an angle of 45"* with the y\%. 38. 

horizon, keeps a b horizontal. Find p. 

There are three forces acting on the beam a b 
(neglecting its weight). The weight at a, the force at 
b, and the reaction of the hinge at c. Let a o=:a, 
then b == a, and if we draw o e perpendicular to the 

direction of p, angle o b e := 45"*, and c e = — ;^ 

va 
Hence the moment of p about the point o = — ^ 

The moment of the weight about o = — 6 a. 
The moment of the reaction about o = (§ 50). 
Therefore the sum of the moments is 

-_-_6a + = 
. • . p = 6 V2 = C X 1-4142 = 8-4852 cwt. 
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Exercises. 

1. Show that when three forces act along the sides 
of a triangle, as in the figure, they cannot be in 
equilibrium. 

2. Explain what is meant by the moment of a 
Fig. 39. force about a point. State the principal properties 

of moments. 

3. Show by the Principle of Moments that if three forces act 
on a body, and the directions of two of them pass through a fixed 
point, there cannot be equilibrium unless the direction of the 
third also passes through the fixed point. 

4. A metal rod A B is bent at its middle point G, so as to 
form an angle of 105°. It is then laid across a smooth peg, and 
weights P and Q are attached to the ends. When the rod has 
assumed the position of rest, it is found that a plumb-line at C 
divides the angle A B into angles of 60° and 45°. Prove that 
P« : Q^ : : 2 : 3. 



VII.— CENTRE OF GRAVITY. 

53. The attraction of the earth which causes a body 
to have weight, acts on every particle of the body; 
thus, if we take a stone and pound it into small frag- 
ments, the sum of the weights of the small particles 
will be equal to that of the whole stone. 

If one of these particles be attached by a fine thread 
to a fixed point o, the thread will take the direction of 
the vertical through o. If several of them be sus- 
pended from points near together, the threads will be 
parallel. When therefore the particles are united so 
as to form the body, we may regard their weights as a 
system of parallel forces. 

Suspend the body by a point a (Fig. 40), the re- 
sultant of the weights of the particles will be equal to 



37 

their gam, and will have the direction of 

the vertical throogh a. Suspend the 

hodj again from another poiot; the 

neigbt of each particle will hare the 

same magnitude and the same point of 

qiplication as before, bat the direction 

of the forces irith regard to the hodf 

will be changed. The result is the 

same as if each force had been turned 

about its point of application ; hence the nevr line of 

support or direction of the resultant will intersect the 

old one in the centre of the forces. If the body wcro 

composed of a plastic material, and pierced in the 

direction of the line of support in several dilferent 

positions, all the lines of perforation would intersect 

in a common point. This point ia termed the ccntro 

of gravity of the body. We are led therefore to tho 

following definition : — 

54, The resultant of a system of parallel forces acting 
on a rigid hody passes through a fxedpoint theposition 
of which is independent of the direction of the forces. 
If the forces be the weights of the several elements of 
the bodff, the fixed point is termed the centre of gravity. 

When a body is suspended from a point a it com- 
ports itself as if its weight were concentrated at tlio 
centre of gravity a. We may consider therefore that 
two forces act upon it — the resultant weight along the 
vertical through a and the reaction of the point of 
support along the vertical through a. When a and 
Q are in the same vertical line the body is at rest ; 
hence, if the 0. G, be supported, the whole body will 
be anpported. 
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We will now consider the position of the centre of 
gravity in certain figures. 

The process of finding the centre of gravity of a 
number of isolated particles is precisely the same as 
that of finding the centre of a system of parallel forces. 

We shall be concerned only with bodies throagh the 
volumes of which matter is distributed uniformly. 
Such bodies are termed homogeneous. A solid 
body is homogeneous when any two parts of equal 
volume are exactly of the same weight. The deter- 
mination of the centre of gravity of a homogeneous 
body is therefore a purely geometrical question. The 
weights of different portions will be proportional to their 
volumes ; hence we may treat the volumes as the forces. 

Again, consider a very thin sheet of metal, or paper, 
of uniform thickness. The weights of any two por- 
tions will be proportional to the areas ; hence we may 
treat the areas as forces, and seek the centre of gravity 
of the surface. 

In like manner if we take a very thin wire of uni- 
form thickness, the weights of different portions will 
be proportional to their lengths. We may therefore 
find the centre of gravity of a heavy line. 

55. The following considerations will assist us in 
solving problems connected with the centre of gravity. 

1. If a body be symmetrical about a plane, tbe G. G. lies in 
that plane. Every particle on one side corresponds to an equal 
particle on the other. Hence the G. G. of every pair of particles 
lies in the plane, and, therefore, so also does the C. G. of the 
whole. 

2. It follows that if a body have two planes of symmetry, the 
C, G, hea in this line of intersection ; and if it have three planes 

of symmetry intersecting in two lines, tko 0. G. is at the point 
where the lines out one another. 
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8. If an area be symmetrical about aline, the C. G. lies in that 
line. 

4. If a body baye a centre of figure, that is, a point each that 
an lines drawn through it to the outline of the figure are bisected 
in the point, the centre of figure is the C. G. 

For any two lines drawn through this point will contain figures 
on opposite sides of the vertex, in every respect equal. If any 
point in one of these figures be joined with the corresponding 
point of the other, the line drawn will be bisected by the centre, 
therefore the line joining their G. G.s will be bisected by the 
centre of figure. Gonsequently, this point is the G. G. of the two 
figures ; similarly it is the G. G. of every other pair included by 
lines through the centre, and therefore it is the G. G. of the 
whole. 

From these facts we may conclade at once that — 

1. The G. G. of a straight line is its middle point. 

2. The G. G.of the circumference or area of a circle is the centre. 

3. The G. G. of the perimeter or area of a parallelogram is 
the point of intersection of the two diagonals, for this point is 
the centre of figure. 

4. The G. G. of the volume or surface of a sphere is the centre. 

5. The G. G. of a right circular cylinder is the middle point 
of the ads. 

6. The G. G. of a parallelopiped is the point of interseotion of 
two diagonals. 



To find the C. G. of the Surface of a Triasgle. 

56. Let ABC be the 
iriaDgle (Fig. 41). The 
C. G. may be found 
experimentally thus : — 
Suspend it by one of 
the angles, a, from a 
point o, and mark on 
the triangle the lino a d 
in the direction of the 




Tig. 4\. 
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plumb-line tlirough o. Take off tlie triangle and sus- 
pend it by another point b. Draw b e on the direction 
of the plumb-line, intersecting A d in a point g. The 
point is evidently the C. G. If the triangle be again 
suspended, the line of support will pass through g. It 
will be found that e and d bisect the sides a c and d c. 
Hence to find the C. G. of a triangle, join the middle 
points of two sides with the opposite angles. 

57. We may, however, find the C. G. of the triangle 
by drawing only one middle line ; for the point of inter- 
section of the three middle lines of a triangle cuts off a 
third of each middle line. 

Hence the C, G.ofa triangle is in the line joining 
the apex with the middle of the base, and at one-third 
of its length from the base. 

To find the C. G. of three equal Particles placed at 
the angles ABC of a Triangle. 

68. The resultant of p at b and p at c will be 2p at 
D (Fig. 41), and the C. G. of 2 p at d, and p at a 
is at a point g, such that d g equals -^ a g. Hence the 
C G. of the three equal particles coincides with the 
C. G. of the triangle. 

59, By this proposition the C. G. of a surface can be 
readily found when the surface can be divided into 
three equal figures. For instance, let it be required 
to find the C. G. of the portion of a square which is 
left after cutting off the two triangles formed by joining 
the middle point of one side with the middle points of 
two adjacent sides. The surface consists of a triangle 
aui/ two small squares, each of which is one- fourth of 
^e large square. Hence the C. G. oi t\ift ^iVioVa '\^ 
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found by joining the C. G.s of the three parts, and 
finding the C. G. of the triangle thus formed. 

60. The centre of gravity need not be a point actually 
vrithin the body, for instance, the C. G.s of the crescent 
and ring in Figures 43 and 44 are at a, and that of the 
two separate bodies in Figure 45 at c. The centre of 
gravity in these cases is that point which would possess 
the characters defined if the point were connected with 
the body by a straight rigid rod without weight. 

61. The C. G. of two separate and independent 
bodies may be easily determined as follows : — Let the 
centres of gravity of the two bodies 
in question be connected by a straight 
line, and let a point be found upon 
this straight line which shall divide 
it into two parts, inversely propor- 
tional to the weights of the two bodies. Then this 
point will be their common centre of gravity. 

Thus, let M and n (Fig. 45) be the two bodies, and 
let a ft be their centres of gravity. Draw the line a hy 
and take upon it a point c, so that h c shall bear to a c 
the same proportion as the weight of a bears to the 
weight of B. In this case, o will be the centre of 
gravity of the two bodies. Now if the line a h were a 
rigid rod, without weight, the point c would have all 
the properties of the centre of gravity ; thus, the bodies 
would balance themselves on c in any position. 
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(53. Apply § 55, or proceed thus: — 
From any one a of the weights draw 
1 join each weight on 
t the right of this diameter with the 
corresponding weight on the left, The 
C. G. of each pair of weights thug joined 
will lie in the diameter from a, hence 
the C. G. of the whole will lie in thia diameter. Similarly 
it may be shown that the C. G. lies in the diameter drawn 
from another weight b ; hence it is the intersection of 
two diameters, and is therefore the centre of the circle. 
63. As an illnstration, let ns consider the position of 
the C. G. of a round table Btandicg on a level floor, and 
supiiorted on three legs placed on the circumference 
(Fig. 47). By the preceding proposition the C. G. of 
the table coincides with the C. ti. of three equal 
pressures at the angles of an inscribed equilateral 
triangle : conseqaently, the table will be supported if 
each leg bears one-third of the weight of the table. If 
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a weight be placed on the table in a position which is 
not the centre, it may be shown by § 41 that the 
pressure on each leg is proportional to the distance of 
the weight from the opposite side of the triangle formed 
by the legs. Hence, to obtain the pressures, we must 
find the point in which the vertical through the C. G. of 
the weight meets the floor (Fig. 47), and then divide 
the weight into parts proportional to the perpendi- 
culars from this point to the sides of the triangle formed 
by the feet. Thus, for instance, if these distances be 
respectively 2, 3, and 4 feet, the pressures are respec- 
tively f f t of the weight. 

Properties of the Centre of Gravity. 

64. We have seen that when a body is suspended from 
a point the vertical through that point must 
contain the 0. G. of the body. The same is true 
when the body rests on a point. (Fig. 48.) 

If the body rest on more points than one in 
the same horizontal plane, the resistances at 
these points will be parallel forces, and will 
therefore have a single resultant parallel to ^ig* 48. 
them. The direction of this resultant will lie within 
the base formed by the points; hence the vertical 
through the C. G. of the hody must Jail within the hose. 

The force required to move a body may vary with 
the position of the body. Let a b c d (Fig. 49) be the 
section of a prism resting on 
a horizontal plane. Turn it 
about one edge a. The C. G. 
describes a circle, and the force 
required to move it decreases 
as the C. G. ascends ; in oiher 
words, the stahility of the body ^""^^ '^'^' 
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decreases as the C. G. is raised. When the C. G. 

arrives at the position o' in the Tcrtical through a, 
the body reaches the limit of stabihty. In this position 
the equilibrium is mathematically possible, for the re- 
sistance of the surface through a will be in the Game 
straight line as the C. G. The slightest force will be 
sufficient to move tho body, and when disturbed it will 
fall away from this position. 

65. When a body in equilibrium wonld return to its 
original position if slightly displaced, the equiltbrinm 
is said to be stable ; when the body would fall away 
from its first position if slightly displaced, the eqoi- 
librinm is said to be ttnstahle. 

Remark that there is equili- 
brium only when tho C. G. 
occnpics the lowest or highest - 
possible position, and the equi- fig, bq. 

librium is stable in the first posi- 
tion and unstable in the second. Hence every body 
suspended from a point is in stable equilibrium, and 
every body supported above a point or line is in un- 
stable equilibrium. 

Consider now a sphere resting on a horizontal plane, 
the reaction of the plane and the weight of the body 
will act along the same straight 
line in every position. If there- 
fore the sphere be slightly dis- 
placed it will have no tendency 
cither to i.etarn to or move away 
from its first position. Its C. G. 
will neither be raised nor lowered. 
The cguilibrium in this case is 
ixenf/inz/. When the body rests on Tig- 51. 




CZSTBE OV GBATITT. 45 

>n inclined plane (Fig. 51), it is still neceBaary' tbat 
the vertical throttgh its C. G. shall fall within the base. 
Let c D represent a prism, and a b its base on an in- 
clined plane; the resultant of the resistance ofTcred by 
the points in contact perpendicular to the plane will 
evidently pass through a point in a b. If the body be 
prevented from sliding by the roughness of the plane. 
the perpendicular reaction of the plane and the force 
cansed by this roughness meet in a point in a b, end 
have therefore a resultant through the same point- 
That this resultant may be in equilibrium with the 
ireight, tbe vertical through the C. G. of the prism most 
evidently fall within a b. If the C. G. be at a, the 
eqnilibrinm nill be stable, if at o' nnstable, and if at 
o" the body will fall. 

66. The neceigity ot Ireepiog the C. G. so that the vertical 
UiroDgli it ihall faJl nithin the hue formed by the pomta 
of HQpport haa conetimtlj to 
be congidered. When a, mSin 
■tuid> or walks, the line of di- 
rection of his weight mnet fall 
within the base formed b; his 
feet. If be take a load in one 
hand, the C. Q. of the whole 
figure will he tlirown towarda 
the load, and be natarally raises 
the &ee arm and l«ans toward* 
the other aide, thna making the 
new C. G. fell orer the base 
formed bj his feet. If he carry 
' the burden on bis back, be 
bends forward ; if be bear it 
in &ont, he leans back. la 
erei? case tbe load and the 
It «wm a whole inft the 0. 0. ol jJm Ti^<ite i» ffi«^l»s«A.'so. 




rig. 62. 
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the dio of tlie load ao that it is neceesarf to bring the new 
C. G. over the btue of snpport. 

Caiuider now a, cart witb two wbeela ; if the Tertieul through 
the 0. Q. oltho loaded cart (all in the line joining the points of 
contact of the nheele and gtoond, the weight is sa^' 
ported bj the road ; in de- 
■ceading an incline the vertical 
throogh the 0. Q. will fall 
in froQt of thifl line, and part 
of the weight mnetbe borne by 
tbe horae; in on ascent the 
C. G. folia behind, and the load 
toodg to lift the hone. When 
the cart is properl; loaded ot 
horisontal road, the Tertloal 
through the C. G. tails near Fig. 53. 

the middle of the line between the wheels, bnt on a rood inclined 
towards one side the Tfirtical fells nearer the lower wheel. So 
long as it does not pass the lowest p<dnC of this whed eqoilibrimn 
is maintained, bnt as soon as it paseea it the cart is orertnmed 
The higher the C. G. is abore the ground the sooner is this 
positioD reached. 



To find, geometricallr, the 0. d. of on; rectilineal 
figure. 

67. Consider first a quadrilatenl, 
ABOD(rig. 54). Join A c, and find 
o,, o„ the C. G.s of the trianglea 
ABc,ADc. The C. G. of the whole A^-gr 
must be in the line a^ o,. Now join 
B D, find Gj Oj of the triangles bad, 
BCD: the C. G. of the whole must 
be in the line o, q^. It is tbotefore 
at tbeirptant of intersectioD. 
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If the figure have five sides we can divide it in two 
ways, into a triangle and a quadrilateral, and join 
their C. G.s. 

From a pentagon we may proceed to a hexagon, and 
so on. 

G8. Example /. — Find the centre of gravity of three 
spheres, a of 3 lbs., b of 5 lbs., and o of 7 lbs., the 
centres of a and b being 6 inches apart, and those of b 
and o 9 inches apart. 

Let a, 5, and c be the positions 
of the three centres. The weights 
of the spheres may be regarded 
as parallel forces acting at a, 5, 
and c. Taking a as the fixed point from which 
distances are measured, and forming the products 
according to the rule in § 41, we have, if a? stand for 
the distance of the G. G. from a, 

3x0 + 5x6 + 7x15 = I5vr. 
or 135 = 15 a? 



a 



I 



a 



9. 



69. Example 2. — A beam weighing 200 lbs. is 
carried by two men, one, a, being at a distance of 3 feet, 
from the centre of gravity of the beam, and the other, b, 
at a distance of 2 feet. Find the weight borne by 
each man. 




Fig. 55, 
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Let p be the pressure sustained by a, then 200 — p 
is the pressure sustained by b, and if o be the C. G. 

3 P = 2 (200 — P) 
5P = 400 
P = 80 lbs. 
The pressure sustained by B = 200 — P = 120 lbs. 

Exercises. 

1. Find the 0. G. of two spheres weighing respectively 8 lbs. 
and 3 lbs., the distance between their centres being 2 ft. 9 in. 

2. Find by a geometrical construction the G. G. of a bent 
wire, one arm being twice the length of the other. 

3. Find the C. G. of two soUd bodies of 12 lbs. and 20 lbs. 
respectively, the line joining their centres of gravity being 2 ft. 
Sin. 

4. The distance of the C. G. of two heavy particles from the 
greater is 5 inches, the particles are respectively 60 and 72 
grammes ; find the distance between them. — Ans. 11 in. 

5. Weights of 2 lbs., 4 lbs., 6 lbs., and 8 lbs. are placed so that 
their C. G.s are in a straight line, and 6 inches apart ; find the 
distance of their common centre of gravity from that of the 
largest weight. — Ans* 6 in. 

C. Find the C. G. of the remainder of a square when one of 

the triangles into which the diagonals divide it is taken away. 

a 
(§ 58) — Ans* If a = the side of the sqnare the C. G. is g- from 

the centre. 

7. A B C D is a quadrilateral in which the base A D is double 
each of the other sides ; find the C. G« (§ 58) — Ans, f^ths of 
the height from the base. 

8. If three men support a triangular board at its three comers, 
what portion of the weight will they bear ? 

9. If from one of the angles of a triangle a weight be suspended 
equal to the weight of the triangle, where will be the centre of 
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10. If at two of the angles of a triangle weights be placed each 
eqnal to half the weight of the triangle, where will be the common 
centre of gravity ? 

11. Weights of 2 lbs., 3 lbs., 4 lbs. and Bibs, respectively are 
placed at the comers of a square whose side is 4 ft. Find the 
distance of the conmion C. Gr, from the centre. — Ans, fths of a 
foot. 

(Find the distance of the C. 6. of 2 and 5 from the middle of 
the side 2 — 5, and also the distance of the C. G. of 3 and 4 from 
the middle of the side 3 — 4, and show that the distance of the 
common C. G. from the centre is the arithmetical mean of these 
distances.) 

12. On a circular table with three legs, placed at eqnal dis- 
tanccB on the circumference, a weight of 94 lbs. is placed, so that 
the distances of the C. G. of the weight from the sides of the 
triangle formed by the legs are respectively 4, 3, and 2*4 feet. 
Find the pressure of the weight on each leg. — Ans. 40, 30, and 
24 lbs. 

13. A weightless plate in the form of an equilateral triangle is 
suspended by three parallel strings attached to its angular points. 
Tlie strings can support weights of lib., 2 lbs., 3 lbs., respectively. 
Where on the plate must a weight of 6 lbs. be placed so as to be 
supported ? 

Ans. The position may be found by the following construction. 
Join the middle points of two sides, and divide the line drawn 
into parts having the ratio 1:2.* 

* If any point be taken in an equilateral triangle, the sum of 
its distances &om the sides is equal to the height of the triangle. 
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Vni.— THE MECHANICAL POWERS. 
Machines. 

70. An instrument for transmitting a force from one 
point to another, or for changing the direction of 
motion, is a machine. 

Any machine, however complex, is composed of a 
number of parts termed the simple mechanical powers. 

Let us consider, for example, a flour mill. (Fig. 56.) 
On the left of the figure is the water-wheel, to which 
motion is first communicated. The moving force of 
the water is transmitted bj the axle a to the first 
vertical toothed wheel, and by it to the horizontal 
toothed wheel attached to the axle b, which also carries 
a large toothed wheel c. This wheel commxmicates 
with a smaller one on the same shaft as the mill- 
stone, capable of being moved up and down upon the 
shaft. Thus there are three distinct parts to the 
machine ; (1) the axle a, with its two wheels, the water- 
wheel to which the moving power is applied, and the 
toothed wheel to which is applied the resistance to be 
overcome ; (2) the axle b, to the lower wheel of which 
the power is applied, and to the upper the resistance ; 
(3) the axle n with a power- wheel moved by the wheel c, 
and the millstone to which is applied the final re- 
sistance. Now from the wheel which receives the force 
of the water to the stone which grinds the corn, the 
parts of the machine are so connected that the 
uniform movement of one part secures a like 
movement of the whole, and the equilibrium of the 
whole implies the equilibrium of each part. To 
trace the conditions of equiVibrium oi swdL «k TaafiHnQ 
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Fig. 56. 
it IS only necessary tterefore to stndy the equilibrium 
of the simple machines. 

71. It will be expedient to omit m this invcBtigation 
Gereral things which must be considered before a prac- 
tical application of the principles can be made For 
example, we ehall first take no account of the fnction 
between the different parts of the machine Except 
where the contrary is stated, we shall neglect the 
weight of the machine itself. Cords and chains will be 
treated as if they had neither stifTnesa, thickness, nor 
weight. The consideration of these resistances is for 
the present deferred. 
7S. The force applied is tec\\nVc>Ci^ ci)X\ei. "^Im* 
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powery and the resistance, Tvhatever may be its natare, 
is termed the loady or weight. 

The condition of equilibriam in each machine will be 
expressed by stating the ratio of the power to the weight. 

The Lever. 

73. Any rigid rod movable about a fixed point is 
termed a lever. That there may be equilibrium with 
such a machine the forces acting on it must admit of 
a resultant passing through a fixed point in the lever. 
This point is termed the /ttZcrum, and the resultant of 
the force is the pressure sustained by the fulcrum. 

Levers are usually 

classified according to A g B 

the position of the fixed ^ or^ l"^ 

point. If the fulcrum 

be between the power ^ -^ j £ 

and the weight, the lever JL "^ 

is of the first kind. If QO A3? 

the weight be between *"- ^ i 1 

the fulcrum and the A^ 

power, the lever is of the pj 517^ 

secondVin^. If the power 

be between the fulcrum and the weight, the lever is 
of the third kind. 

The crowbar of the mason, used as in Fig. 58, is a 
lever of the first kind. 

The loaded barrow raised, as in Fig. 59, is a lever of 
the second kind. 

The treadle of a sewing-machine is a lever of the 
third kind. 

JF^rst, Jet ua suppose the power and weight to be 
parallel forces. 
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Let p and q be respectively the power and the weight 
applied at the poiota a and b. Let o be the falcrum^ 
and let AO=a, bo = &. Then, by the principle of 




Fig. 59. 

parallel forces, whichever kind of lever we consider, the 
equation of eqnilibrium will be 

P-a = Q-B. 

The pressure on the fulcmm in the lever of the first 

tind (Fig. 57 I.) is p + o ; in the lever of the second 

kind (Fig. 57 ILJ, Q — p; in ttiat oUV% ft&tW-ma. 

(mg.67in.),p—<i. 
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la aU cases the greater force is attached to the 
shorter arm, so that q is greater or less than p, 
according as a is greater or less than b. Hence, in 
lever 1, p may be greater or less than Q;inlever2, 
since a is the whole rod p is necessarily less than q ; 
and in lever 3, p is necessarily greater than q. If 
the forces be not parallel (Fig. 60) still the moments 




Fig. 60. 

about the fulcrum in opposite directions must bo equal, 
hence t' p = Q' q. To find the magnitude and di- 
rection of the pressure on the fulcrum o, suppose the 
forces p' and q' at o equal and parallel to p and q, 
then R, the resultant of these forces, will be the pressure 
on the point o. 

Balances. 

74. The balance is a lever of the first kind, having 
equal arms. The ordinary balance consists of a metallic 
bar termed the beam (Fig. 61), supported on a stand 
(c) by a sharp edge, called a knife edge, fixed hori- 
zontally in the middle of the beam. Attached to the 
beam at right angles is a needle or index, which moves 



over a graduated arc, and 19 Tertical when tbe beam is 
horizontal. Two dishes or bcdIbb Q>, V) for receiviiig 




fig, 61. 



the weights are anspended from the extrcmitiea of the 
beam, aiso upon knife edges. These edges form the 
ptonts of application of the weights. The distances of 
these points from the central edge are the arms of the 
balance. When eqnal weights placed in the scales 
always cause the beam to remain horizontal the balance 
is true. When this is not the caso the balance is 
faht. 

To investigate the requisites of a good balance. 

75. 1. When the scales are empty, the beam should 
be horizontal and index rertical. Vi SIoa \i^vxxii> ^m 
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disturbed, the index should return again to the same 
place when the motion of the beam has subsided ; hence 
the equilibrium should be stable. To secure this the 
G. 0» of the beam and its appendages should fall a little 
helow the knife edge, 

2. When equal weights are placed in the scales the 
index should be vertical ; hence the arms must he of the 
same length. 

3. When the weights are unequal, the balance should 
easily indicate the inequality; in other words, the 
balance should be sensitive. 

7G. The sensibility of the balance depends on two 
things, — it is increased by augmenting the length of 
the arms and is diminished by increasing the weight 
of the beam. 

77. To test a balance, all that is necessary is to take 
weights apparently equal, and to transfer them. If 
they be not really equal, but appear so only in conse- 
quence of the inaccuracy of the balance, the fact will 
be made apparent when each is moved to the opposite 
scale. 

The exact weight of a body may, however, be found by 
the aid of a false balance. Place the body to be weighed 
in one scale, and as much of some substance (sand for 
example) in the other as will make the beam hori- 
zontal. Now take out the body, replacing it by such 
weights of known value as will balance the sand. The 
sum of these weights will be the weight of the body. 
We may, however, find the true weight of a body by 
weighing it in both scales. Let a and h be the arms 
of the balance, w the true weight of the body, x the 
weight at b which balances w at a, and y the weight 
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at a which balances w at b. Then wa=^ xb 

and wb = f/'a 
On multiplying these equations we find that 

w = ^a:i/. 
78. The common steelyard is a balance with unequal 
arms (Fig. 62). On one side of the knife-edge o, which 




ua^iij w 



Fig. 62 and 63. 

is the fulcrum of the lever, the weight p remains the 
same, but its distance o m varies ; on the other side, 
the weight suspended from the edge a may be changed, 
but the distance a o is constant. The condition of equili- 
brium, if we suppose the C. G. of the machine to be 
at o, will be q'ao = p'om. As q varies on the one 
side, o M may be made to vary on the other, so that 
the same weight p may balance various weights sus- 
pended from A. For example, let p in one position m 
balance 1 lb. ; then, in a position m' such that o m' = 
2-oM, p wiJJ balance 2 lbs. If ttie G. Q?, oi ^i^Ckfc \i«x. 



and its appendages be not at o, bat at a, for example, 

tlien tlio moment of the weight of the bar w will be in 
the same direction as that of q, and the condition of 
oquilibrimn will be q'a o + wa o ^ p'm o. 

79. In the Danish balance (Figs. Gi and 65), the 
power is the weight f of the lever acting at its centre 
of gravity, and the ratio of the arms is altered by 
moving the fulcrnm when the lever is straight (Fig, 64), 
or altering the inclination when the lever is bent. In 
this case there is equilibrium when p x iif= w X bf. 




rig. U. 



Rg. 66. 
80. The wheel and axle ia only a modification of tho 
lever. This machine consists of two cylinders, a s and 
o D, of different radins (Fig. 66), having a common 
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axis ; the smaller being termed the axle, and the larger 
the wheel. A cord is wound round the wheel in one 
direction, and another cord round the axle in the oppo- 
site direction. To the former is attached the weight q, 
and to the latter the power p. Suppose p and q to be 
both vertical and represent the 
instrument as seen in the direc- 
tion of the axis (Fig. 67). We 
have two parallel forces, p and q, 
acting at the extremities of two 
arms, o b, o a, of a lever. The 
condition of equilibrium is there- 
fore p • o B = Q • o A, or, if R 
and r be radii of wheel and axle, 
p • B = Q • r. 

If the power does not act vertically but in the direc- 
tion of the tangent at another point, as p' (Fig. 67), 
then p''B is the moment of p' about o, and since p'n 
c= p B, in this case also 

p'» R = Q T. 

81. Instead of a wheel, one or several levers, /, /, 
{Fig. 68), may be placed in the axle as in the 
mndlass. 

82. When the axle is vertical, and the levers hori- 
zontal, the machine is termed a capstan (Fig. 69). 




Fis. C7. 



Tootlied Wheels. 

83. Several wheels and axles are frequently com- 
bined by means of spur wheels (Fig. 70). Several 
conditions must be satisfied in each pair of wheels. 
The teeth on each wheel must be equal to one auofbit^ 



and eqnBllf distant, and the teeth of one nheel should 
be of the Game size, and as far apart as those of tho 
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wheel in contact with it. The nuniher of teeth will 
therefore be proportional to the circumferences or the 
radii of the wheels. 




Fig. 70. 

Equation of equilibrium for two-toothed wheels. 

Suppose two such wheels to be in equilibrium with a 
weight w at the axle of the larger, and Wg at the axle of 
the smaller. Let the radii of the wheels be n^ and Kg, 
and let the radii of both axles be r. Also let p be the 
reaction between the wheels at their point of contact. 

The equilibrium of the larger wheels gives Wi*r = pri 

The equilibrium of the smaller . . . WoT^p-Bg 

- . Wj Rj No. of teeth in larger. 

Wg Kg ^o* of teeth in smaller. 

84. Sometimes the teeth are placed on a straight 
bar instead of a wheel. Such a toothed bar is termed 
a racky and the wheel in contact with it is called a 
pinion. 

The jack (Fig. 71), used for lifting great weights 
through a small height, is a rack and pinion. The 
handle by which the rack is raised is termed a winch. 

The instrument is an example of a double wheel and 
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Figa. 71 and 72. 
axle ; tlie winch takes the place of the first wheel, the 
lower pinion being its axle. The tipper pinion is the 
Becoud axle and supports the rack. The large toothed 
wheel of the upper axle works in gear with the lower 
pinion. The two pinions are usually, aa in the figure, 
of the same size. 

To find the equation of equilibrium. 
Let r he the power applied to the winch, w the weight 
of the rock and its load, a the radius of the winch, £ the 
radius of the large toothed wheel, r the radius of each 
pinion, and n the mutual reaction between the first 
pinion and the large wheel ; then from the equilibrium 
of the first axle we have p-a^n-r, and from the 
equilibrium of the second axle we have wb = &t. 
Therefore F'a = wb. 
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EXESCISSS. 

1. A weight of 80 lbs. balances a weigbt of 20 lbs. at the ex- 
tremities of a straight lever 15 feet long ; find the length of the 
arms. — Ans. 6 feet, 9 feet. ' 

2. The arms of a lever are 7 in. and 9 in. in length, and the 
weight 3 lbs. is attached to the shorter arm ; find the power. — 
Ans, 2Jlb8. 

3. If one end of a bar rest on abeam and a weight of 50 lbs. 
be snspended from it at one-fifth of its length from the beam, 
what power at the other end will support the weight, and what 
will be the pressure on the beam ? — Ans, 10 lbs., 40 lbs. 

4. A beam 44 ft. long is supported horizontally by two props 
at its extremities and produces a pressure of 4 lbs. on each prop; 
where must a weight of 36 lbs. be placed that the whole pressure 
on one prop shall be 10 lbs. ? — Atis. 9 inches from one prop. 

5. When two weights, 15 lbs. and 5 lbs., are suspended at the 
ends of a lever, the folcrum is 9 feet from the smaller weight ; 
where nnrst the folcrum be when the weights are each increased 
5 lbs. T-^Ans. 4 ft. from one end. 

6. The C. G. of a wheelbarrow and its load, which weigh 
100 lbs., is in a vertical line 18 inches from the centre of the 
wheel; what power applied to the handles at a distance of 3 ft. 6 in. 
from the centre of gravity will just lift the barrow ? — Ans. 
30 lbs. 

7. A beam 12 ft. long balances about its middle point ; about 
what point will it balance if a weight equal to twice that of the 
beam be placed at one end ? 

8. A beam A B 10 ft. long and weighing 56 lbs. balances about 
a point 3 ft. from A. When a weight is placed at B, the beam 
balances about a point 1*4 feet from B ; find the weight. — Ans, 
224 lbs. 

9. The pressure on the folcrum is 7» and the sum of the forces 
18 ; find their distance from the fulcrum when the forces are 14 
inches apart — Ans, 6 in. and 20 in. 

10. Find the true weight of a substance which, when. ^IsAedin. 
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cue scale of a balance, seems to weigh 140 grammes, oiid in the 
other appears to weigh 154*85 grammes. — Ans. 147 grammes. 

11. If in a balance one arm be *98 of the other, and a body placed 
in the scale of the shorter arm balance 14*7 kilogrammes in the 
other scale, find the true weight of the body. — Ans, 15 kilo- 
grammes. 

12. The beam of a false balance is attached to one arm of a true 
l[«lance, and weighs 2 lbs. A body placed in one scale of the 
false balance requires a weight of 3 lbs. in the other, and then 
the whole weighs 7*9 lbs. ; find the weight of the body and the 
ratio of the arms. — Ans. 2*9 Mss. ; 30 : 29. 

13. The weight of a steelyard is 1 lb., the movable weight also 
1 lb., the point of suspension of the body 8 inches, and the C. G. 
cf the beam 3 in« from the fulcrum; graduate the beam for 
weights from 1 to 12 lbs. 

14. What effect is made on tne graduations by increasing the 
movable weight P 

15. With a wheel and axle a power of 8 lbs. sustains a weight 
of 12 lbs. ; what is the radius of the axle, that of the wheel being 
24 in. ?—Ans, 16 in. 

16. The circumferences of wheel and axle are respectively 
1 yard and 15 inches ; what power will sustain a weight of 
li tons ? — Ans, 12'5cwts. 

17. Find the pressure on the catch of a ratchet-wheel (Fig. 72) 
12 inches in diameter when it is attached to an axle 5 inches in 
diameter, sustaining a weight of 60 lbs. — Ans. 25 lbs. 

18. A capstan turned by two horses is used to draw in a boat ; 
the levers to which the horses are attached are 12 feet long, and 
the radius of the axle is 18 inches. When each horse is pulling 
with a force of 7 4 cwts., find the tension of the cord attached 
to the boat. — Ans. 6 tons. 

19. A uniform bent lever, the weights of whose arms are 5 lbs. 
and 10 lbs., rests with the shorter arm horizontal, what weight 
must be attached to the end of the short arm that the lever may 
rest with the long arm horizontal ? — Atis, 37^ lbs. 



85. A pnlley is a cir- 
cular disc of metal or 
wood, capable of turning 
ronnd aa axis passing 
tlirongli its centre. Usn- 
allf a groove is cut in 
the disc to keep a cord 
wUch passes over the 
pulley from slipping oST 
(Fig. 73). Bometimes, 
however, the cord is . 
replaced by a strap, and 
then the edge is convex 
(Fig. 74). 

The pnlley may bo 
considered as a lever 
with eqnal arms, ao, 
o B {Fig. 75), so that 
forces p and p* in equi- 
librinm, at the extremi- 
ties of the cord, aro 
equal. 

Whether the two parts 
of the cord be parallel 
or DOt these forces aro 
eqaal, so that if one end 
of the cord be attached 
to a dynameter (Fijf. 
76), the indication of 
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Kg. 75. 




rig. 70. 




Fig. 77. 



the instrnment will bo 
the same as if a weight 
equal to p were attached 
to it directly. A pulley, 
the axis of which is fixed 
in space (Fig. 73), is 
termed a^ec? pulley, and 
in mechanics serves the 
purpose only of changing 
the direction of the power. 
If the axis be movable, 
the pulley is termed a 
movable pulley. 

Let such a pulley with 
a weight q attached, be 
supported by a cord 
CBAD (Fig. 77), fixed 
at a point c, and having 
at the other extremity a 
force p. The cord b o 
exerts a certain pressure 
T on the fixed point c, 
and this point reacts 
with a force equal and 
opposite. The pulley is 
then supported by the 
three forces p, t, and q, 
which may be supposed 



-to act at the points A b and o. That there may bo 

equilibrium it is necessary that the directions of these 

forces shall meet in one point (§ 29). Let i be the 

j)oint in the direction of q, in which p and t meet. 
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The triangles o a i and o b i are equal in every respect, 
and therefore o i bisects the angle aid. It foUowa 
that the forces p and t are equal, and, consequently, 
if we know the angle i, and the weight q, we can 
find p, or if we know p and the angle i, we can find 
Q. When the cords a d, b c are parallel, q is the 
resultant of two equal parallel forces, and therefore 
2 p = Q, In this case the pressure on the fixed point 
c is also equal to ^ q. 

Several movable FuUeys with separate strings. 

86. In this system of pulleys each movable pulley 
has a string of its own, one end of which is attached 
to the beam, and the other end to the next pulley, the 
power being applied to the free end of the cord passing 
over the highest pulley (Fig. 78). If we neglect the 
weights of the pulleys, and take t, i/, i/' to represent 
the tension of each separate cord, then 

andT" = P; hence P = | Q. 

O 

If there be n movable pulleys, then P = — 'Q. 

If wo are required to take into account the weights 
w V w" of the pulleys, then 

T =^ (W+Q);T'= ,j(W' + T);P = ^ (W" + T) 

therefore if there be n pulleys 




Several movable PitlleTS in one block, the lama 
atiing passing round all. 

87. la this case ve sappose the parts of the string 
between the pulleys to be parallel. The tension of the 
string is the same tbroaghoat, and is cqaalto p; hence, 
if, as in the figure (Fig. 79), there are three morable 
puHeja, BIS. parts of the string support the weight, 
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each bearing j ; hence v^^ i q. If there be n storings 
from the lower block 

P = i Q. 
n 

The weight of the pulley will be taken into account 

by adding it to q. 



Several Movable Pulleys with Separate Strings, one 
end of each being attached to the Weight. 

Let P be the power and W the weight. The tension in the 
string which passes over the first pnlley A is P, that in the 
string oyer B supports the weight of the pnlley 
A, and the tensions in the two parts of the string 
over A. If we neglect the weights of the pulleys, 
the tension in the string over B is 2 P. Simi- 
larly, the tension in the string over C is 4 P, 
and so on. Now all the strings support the 
weight, consequently W = the sum of the ten- 
sions = P (1 + 2 + 2* + 2* + &c.) Bysumming 
this geometrical progression, we obtain W == P 
1^ (2>» — 1), 71 being the number of strings attached 
to the weight. 

If the weights of the pulleys w^, 'i(;2> v^at &c. 
are taken into account, we find the several ten- 
sions to be 

Tj = P 

Tg = 2P+ «»! 

T« = 2To + W2 




^ 4P + 2 wi + w'o 



Fig. 81. 



Tn = 2*^1 P + 2«-« lOj + 



... ••■ 



Hence W = 



P 

+ 2P + w'l 

+ 4P + 2te;i -f w, 

+ 8P + 4tWi + 2^2 +1^8, and so on. 
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Exercises. 



1. Show that with a single pulley a given weight is sustained 
by the least power when the parts of the string are paralleL 
(Fig. 77.) 

2. Find the power which will support a weight of 611 lbs. 

with three moyable pulleys, having separate parallel cords 

attached by one end to the beam, the pulleys taken in order from 

the lowest weighing respectively 7, &, and 3 lbs. 

611 
7 

?)5i? The formula of § 86 shows that the 

power win be found by adding the weight 

of the lowest block to the load Q, and 

?i££r dividing by 2 j adding the weight of the 

^ 1^ next pulley, and again dividing by 2 ; and 

--— - so on for all the blocks. 

2)160 



809 
5 



3. In the last example if the weights of the pulleys are 8, 
6, and 4, and P = 34 lbs., find the load. 



34 


X 


68 
4 




64 


X 


128 
6 




122 


X 


244 
8 




236 





Here the process is reversed, instead of 
dividing by 2 we multiply; instead of 
adding the weights of the pulleys we sub- 
tract them, commencing with the highest. 



4. What power will sustain 1 ton with a block and tackle, 
the block containing 3 sheaves (pulleys) ? — Ans. Jth ton. 

6. What is the weight of a block containing 4 sheaves^ b^ 
means of which 20 lbs. will balance 140\\)a.?— Aus.^^^^^. 
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6. If 4 movable pulleys are used with the arrangement repre- 
sented on Fig. 78, and the weights, taken in order from the 
lowest, are 7, 3, 8, and 5 lbs., find the power which will sustain 
a weight of 395 lbs. — Ans. 30 lbs. 

7. In the above case, find the pressure on the beam. — Ans. 
448 lbs. 

8. Which would be the most advantageous arrangement of the 
4 pulleys ? 

9. A man weighing 154 lbs. sustains a weight of 133 lbs. with 

3 movable pulleys, each having a separate string attached at 
one end to the beam. The pulleys weigh respectively 3 lbs., 
2 lbs., and 1 lb. ; find the pressure exerted by the man on the 
floor on which he stands. — Ans. Ill lbs. 

10. If the man in the above example exerts a pressure on the 
floor of 100 lbs., what weight does he sustain ? — Ans. 421 lbs. 

11. Find the power which will sustain a weight of 90 lbs. with 
a single movable pulley C, the cord making an angle of 60°. — 
Ans. 30 V3. 

12. With a system of pulleys in which a separate string passes 
round each pulley, and is attached by one end to the weight, 
show that if we neglect the weights of the blocks the tensions in 
the different strings are - 

P, 2P, 4P, 8P, &c. 
and that W = P(l + 2+2'» + &c.) 

13. In the above system if there be n pulleys 

W = P (2»» — 1). 

14. If W = 147 lbs., A = 14 lbs., and B = 2ilbs., find P. 
— Ans. 20 lbs. 

15. If in this system there be 5 pulleys, and the weights of the 

4 movable blocks commencing with the lowest be 2, 3, 4, and 

5 lbs., find the weight which will be sustained by a power of 
121bs.— -4ns. 4401bs. 
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The Inclined Plane. 

88. When a body is pressed against a hard smooth 
surface, the resistance offered by the surface is at right 
angles to it. Hence, a body may be supported on a 
smooth horizontal surface, for the weight acting down- 
wards may be counteracted by the reaction of the 
surface acting upwards. A body cannot, however, rest 
on an inclined plane without the action of a third force. 
When the body is thus supported on a smooth inclined 
plane, the three forces must pass through the same 
point, and the resultant of any two must be equal and 
opposite to the third (§ 20). We may therefore 
apply the Parallelogram of Forces to find equations 
expressing the relations existing between the forces. 
These relations are very simple in the following par- 
ticular cases : — 

1. When the force f acts in a direction parallel to 

the plane. 

Let B A c be the plane, and let a be the centre of 
gravity of the weight w. The direction of the weight 
is the vertical a h through o, and that of the reaction 
of the plane is a c, perpendicular to the plane. Now 
"we may take any length along the vertical to represent 
the weight w. Let a 5, the length taken, be equal to 
A B, to which the force is parallel. Through b draw 
h Of parallel to the direction of f ; then h c represents f, 
and a c represents n, the reaction of the plane. Now 
the triangle abc has its angles respectively equal to 
those of the triangle abc, and a side a h equal to a b, 
therefore the triangles are eq\\a\ in e^et^ t^^'^^^^\.\\s^ 
bf the triangle of forces, since tti^t^ i.^ ^c3^'^^Tv^»a^^ 



n 
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W 
W 



bo 
ah 
ac 
ab 



BC 
AB 
AC 

AB 



Tieicfht 
length 
base 
length 





Fig. 82. 

HxampU, — Find the power which, when acting 
parallel to the plane, will support a weight of 112 lbs., 
the height of the plane being 2 when the length is 7. 
Here W = 112 lbs., height = 2, and length = 7. 

F height 

W length 



Also rrr == 






112 






_ 2^ 

"~ 7 

F = | X 112 = 32 lbs. 

7 



2. When the Force is horizontal. 

As before, let b a c be the plane, and let a be the 

C. G. of the weight w. The direction of the weight is 

the vertical a c through a, and that of the reaction of 

the plane is a 5, perpendicular to the plane. Now we 

majr take anj length along the vertical to represent 

tlie weight w. Let a c, the length taken, V>Ci ^c^^aJi V^ 
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A c, to which the force is parallel. Through e draw 
e J, parallel to p; then cb represents f, and ab repre- 
sents R. Now the triangle abc has its angles 
respectively equal to those of the triangle abc, and a 
side a c equal to a c. Therefore the triangles are 
equal in every respect ; but by the triangle of forces, 
since there is equilibrium, 



F cb 
W ac 


CB 
" AC ■" 


height 
base 


R ab 
W ac 


AB 
" AC """ 


length 
base 



JExample. — What weight will be supported by a 
power of 10 lbs. on an inclined plane having a height of 
4*4 feet in a length of 48*3 feet, the power acting 
horizontally ? Here B C = 4*4, A B = 48-5, A C is 
found from the formula 

AB^ = AC^ + CB= 
.-. AC = ^/(48•52 — 4-4*) 
= 48-3 feet 
-^ P height 

W base 

10 4-4 



W 48-3. 

W =- 483 -^ 4-4 = 109-7 lbs. 
In all these cases the 
plane is supposed to be 
fixed. In the second case, 
instead of the plane being 
fixed and the body movable, 
the plane may be movable Fig. 84. 

horizontally and the body vertically. In this case 
the horizontal force must be a,p^\\ct^ to t\\e *(iV.a'a« 
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(Fig. 84j) instead of to the body. The condition of 
equilibrium remains the same, namely, that 

JF _ height 

W base. 



The Wedge. 

89. A wedge is a triangular prism used as a movable 
inclined plane, and is employed to sepa- 
rate bodies that are urged together by 
great pressures (Fig. 85). The resis- 
tances to be overcome act perpendicu- 
larly to the faces in contact with the 
body, and the force is usually applied 
perpendicularly to the base ; hence a section Fig. 85. 
of the wedge perpendicular to the faces sustaining the 
pressure is a triangle, the sides of which are perpen- 
dicular to the forces, and therefore, when there is equi- 
librium, proportional to the forces. Let p be the 
pressure necessary to keep the wedge in its place, 
R the pressure on each face, b the breadth of the base 
of the triangular section, I the length of one of the 
equal sides ; the equation of equilibrium is therefore 

11 I 

In practice, however, the friction between the surfaces plays 
such an important part, and is oo large compared with the 
power, that the above proportion cannot be applied with any 
degree of accuracy. Again, the power usually employed with 
the wedge is not pressure but percussion, and we cannot accu- 
rately state the relation between the force of a blow and the 
resistance it overcomes. Nevertheless one fact shown to be true 
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when fnction is neglected is also fonnd to be true in practice, 
tIz. that the more acute the angle of the wedge the more powerful 
is the instrument* 




The Screw. 

90. When an engineer wishes to 

make a road to the top of a very steep 

hill, he carries the road round the 

hill, making it ascend gradually. In a 

similar manner a path may be made 

from the bottom to the top of a 

column by a winding shelf or ledge. 

Such an arrangement would be a 

screw (Fig. 86). 
Fig. 86. 

A screw Tfiay he considered as an inclined plane wound 
round a cylinder. 

The projecting coils are termed the threads of the 
screw. They may be square as in Fig. ^^^ or triangular 
as in Fig. 87. 

The distance between the upper edge of one thread 
and the corresponding edge of the next, measured on 
a line parallel to the axis, is termed the distance between 
the threads. The screw is usually connected with a 
concave cylinder termed a nut, on the interior surface 
of which a spiral cavity is cut, corresponding exactly to 
the thread of the screw which, moves in it. 
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TIi« Condition of Equilibrium wlien a «eigb.t ia 
supported by a Screw. 

91. Let theweight w be Gupported by aforce p, applied 
fit the circumference of a Gcrew in a direction perpendi- 
calar to a plane throngU the axis. The arrangement 
is equiralent to an inclined pkne acted on by a hori- 
zontal force (Fig. 84). The condition of equilibrium 
height 
° W - base. 

Kow suppose the screw to be enrolled from the cylin- 
der. The whole inclined plane thus formed will he similar 
to that portion of it which would go exactly once ronnd 
the cjlindei. Let a s o be snch a portion (Rg. 90). 



a this case =; 
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Then a o is the circumference of the cylinder, b o tho 
distance between the threads. Let a c = c, n o = d 

then === ^ — 
W c 




Fig. 89. 




The screw is, however, rarely used without a lever. 
Let F be a power applied at the end of a lever, the 
length of which from tho axis of the cylinder is I, and 
let r be the radius of the cylinder. Let p be a force 
applied at the circumference of the cylinder, which 
would have the same effect as f, then by the principle 
of the lever, pt = vl 

or P = F — 
r 

Substitute for p in the above equation, and remark that 

c = 2irr| therefore 

FZ d d Z-_iL 

Wr "l " 27rr W " 23r/ . 

or the power is to the weight as the distance between 
the threads is to the circumference of the circle 
described by the power. 

We may, therefore, increase the mechanical force of 
the sd^w, either by diminishing the distance between 
the threads or by lengthening the arm. o£ l\xa l^'^^'t^ ^t 
bf both* 
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The screw is commonly used to exert pressure. Tlie 
press represented in Fig. 91 is a familiar example. Ihe 




Fig. Bl. 

npper beam supports the nut which is fixed. The head 
o of the screw, moving in a socket fixed to the block 
D, is pierced for the insertiun of lerers. 

The screw is some- 
times assodatcd with a 
spur nheel, and is then 
termed an endless screw, 
becaase the teeth of the 
wheel saccced aad replace 
each other as they ad- 
vance, 80 that they never 
arrive at the end of tho 
screw. Fig- 02. 
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Exercises. 

1. If the power represented by P act in a direction parallel to 
the plane, and support a weight W, solve the following : — 

1. W = 100 lbs., height = 3 ft., length = 4 ft.; find P.— 

Ans. 75 lbs. 

2. W = 122 lbs., height = 11 in., base = 3 ft. ; find R.— 

Ans. 120 lbs. 

3. P= 33 lbs., height = 1 5 in., length = 27 in. ; find W.— 

Ans. 63 lbs. 

4. P= R; find the inclination of the plane. — Ans. 45°. 

5. P= 160 lbs., height = 32, base --= 255 ; find W,—Ans. 

1,285 lbs. 

6. W = 14,267 lbs., height =72 ft., base =1,295; find P. 

—Ans. 792 lbs. 

7. A railway train, weighing 50 tons, is supported on an. 

inclined plane, rising 1 ft. for every 50 ft. of length, 
by a rope attached to a stationary engine ; find the 
tension. — Ans. 1 ton. 

2. Solve the following exercises, the direction of the power 
being horizontal: — 

1. W=15, height=6, ba8e=9; find P.— -.4n 5. 10. 

2. W=36, height=5,1ength = 13; find P.— .Ins. 15. 

3. P =3-5, base = 24, length = 25; find W.— -4ns. 12. 

4. W=9, height=28, base=45; find "R.—Ans. 10-6. 

5. P = 4 R ; find the inclination. — Ans. 30°. • 

6. P acting parallel to the plane, or 2 P acting horizontally,. 

vnll support W; find the inclination. — Ans. 60°. 
8. A weight of 233 lbs. is supported on an inclined plane rising 
88 ft. in a length of 137 ft. by two equal forces, one being hori- 
zontal and the other parallel to the plane. Find the forces. — 
Ans, 92 lbs. 

(A horizontal force P will support P x base -r- height) 
A force P parallel to the plane will support P x length -j- height 

*• P 88 ""^^ 
4. A vertical force of 20 lbs. and a horizontal force of 84 lbs. 



82 EXERCISES ON THE INCLINED PLANE. 

support a weight on an inclined plane, the height of which is 21 
and length 221. Find the weight. — Ans. 900 lbs. 

5. A weight of 80 lbs. is supported on a smooth inclined plane, 
the inclination of which is Z0°, by a string attached to a point in 
the plane. Find the tension of the string. 

6. What horizontal force will support 100 lbs. on a plane 
inclined at an angle of 45° ? 

7. The diameter of a screw is 7 in., and the distance between 
the threads one-fourth of an inch; what power applied at the 
circumference of the screw will support a weight of 110 lbs. ? — 
Atis, 1*25 lbs. 

8. When the circumference of the screw is 12 in., and there are 
three threads to the inch, find the weight which will be supported 
by a power of 10 lbs. — Ans. 360 lbs. 

9. In a common press the diameter of the screw is 6 in., the 
distance between the threads f in., and the length of the lever, 
measured from the axis, is 4 ft.; what power will support a 
resistance of 352 lbs. ? — Ans, *7 lbs. 

10. If the circumference described by the end of the lever be 
10 ft., the power 10 lbs., and there be three threads in 2 in., find 
the resistance supported. — Ans, 1,800 lbs. 

11. If a screw be formed upon a cylinder whose length is 10 in. 
and circumference 4 in., how many turns must be given to the 
thread, in order that the power may be one-eighth of the weight ? 
—Ans. 20. 
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Work done by a Machine. 

92. When a weight is lifted through a certain height, 
the product of the weight in pounds and the height in 
feet is a measure of the work expended. The work 
expended in lifting 10 lbs. to a height of 5 ft. is repre- 
sented by the number 50. 

Now the following proposition is true of all machines 
if we neglect friction : — 2'he work done by the power is 
equal to the work done by the weight. If therefore we 
imagine the weight to be lifted to a certain height A, 
and then find the space, p, through which the power 
will move, the equation w A = r jt? is always true. We 
■will now apply this principle to determine the equations 
of equilibrium for the simple machines. 

93. The Lever. Let a b be a lever, of which c is 
the fulcrum (Fig. 93), and let a power p at a balance 




Pig. 93. 

a weight q at b. Suppose the lever to move about the 
fulcrum, then a will describe an arc a a', and b an 
arc B b' ; then by the above principle p*a a' == q'b b'. 

But the spaces a a' b b' are proportional to the arms 
A c and B c, therefore the lengths of the arms may bo 
substituted for the spaces, thus 

PA C = QB C 

94. The IVheel and Axle, Let c \i^ \)^^ m^xssfik.- 
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ference of the wheel, and c that of the axle. Imagine 

the wheel to go round once, then 
evidently r will descend through 
a space c, and q will ascend 
through a space c, and by 
equating the work done we have 
Qc = PC. 
Since the radii of circles are 
proportional to the circumference, 
^^* * we may substitute a o, b o for 6 

4xnd c, and then we have 

Q. A = P-B 
95. The Pulley, Let us first consider the single 
movable pulley with parallel strings. 
Suppose the weight to rise through a 
height A, then the string on the right 
will rise through a height h in con- 
sequence of the rise of the pulley, and also 
through a height h in consequence of the 
shortening of the string on the left. There- 
Fig. 95. fore the point of application of the power 
will move through a space 2 A : hence 

W'h = P-2/i 
or W = 2P 
In the arrangement represented in Fig. 78, if the 
weight be supposed to ascend 1 foot, it may be shown, 
by repeating the above reasoning, that the second pulley 
will ascend 2 feet, the third pulley 4 feet, and nth 
pulley reckoning from the lowest 2**"^ ft., and therefore 
the power will move through 2" feet : hence 

W = 2" • P 
In the arrangements represented m Figs. 79 and 
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80, if the weight ascend through h feet, each of the 

strings attached to the weight will be shortened h feet, 

and consequently, if there be 6 parts of the string, the 

power will move through 6A feet 

... WA = P-6A 

W = 6P 

Similarly, if there be n parts of the string to the 

lower block 

W==nP 

96. Hie Inclined Plane, First, suppose the force to 
act in a direction 
parallel to the plane. 
Imagine the body to 
be moved from a to ^, 
B, then the weight Fig. 96. 

will have been lifted through a height b c, and the 
power F will have acted in the line of its direction 
through a space a b. Therefore, by equating the work 
done, 

This result is the same as that obtained in § 88. 
The ratio of the power to the weight in this case of the 
inclined plane was first found by Stevens in the six- 
teenth century, by the fact that when a chain passes 
over the top of a smooth inclined plane, so that a part 
rests on the piano and a part hangs vertically, there 
will be equilibrium if the two extremities are in the 
same horizontal line. 

Secondly, let us suppose the force to be horizontal. 
Imagine, as before, that the body moves from a to b, 
then the weight will have been lifted through a height 
B c, and the power will have acted m "Od^Sk Yvc^a <^1 SJm3» 
direction, that 18 to say, hoTizoiilaXV^ ^xwy^ ^ ^-^^-^^sy^ 
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equal to a o. HeDOe, by equating the work done, we 
have 

W-B C = F-A C. * 
97. Tlie Screw. Let the circumference described by 
the power be c, and let the distance between two threads 
be d. Imagine the power p to act at the end of a lever 
and to move once round. The screw will rise through a 
space equal to the distance between two threads, con- 
sequently, by equating the work done by power and 
weight, we have 

PC = W'd. 



Exercises. 

So1t6 the followixig problems by eqnating the work done by 
the power and that done on the weight. 

1. A wheel and axle is nsed to support a weight of 130 lbs. 
the circumference of the wheel is 8 ft. and that of the axle 6 in. ; 
find the power. 

2. Sketch a system of pulleys by which a power, by acting 
throngh 64 ft., wonld raise a weight through one foot. If the 
power in this case is 10 lbs. : find the weight. 

8. In the system of pulleys represented in Fig. 81, if the 
weight of A be 3 lbs., and that of B be 4 lbs., find the work 
done by the pulleys when the weight is raised 2 ft. 

4. In the preceding example find the weight when the power 
is 20 lbs., the weights of the pulleys being taken into account. 

5. The height of a plane is 5*2 ft. and base 67*5 ft. ; what 
weight will be supported by a power of 13 lbs. acting along the 
plane ?—Ans, 169*25 lbs. 

6. When a power of 20 lbs. is applied to lift a weight through 
2 in. the power descends through 3 in. j find the weight. — 
Ans. 30 lbs. 

Z With a wheel and axle a power of 14 lbs. baLances 1 ton, if 
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the power descended through 80 in., through what height wonld 
the weight be raised ? — Ans. ^ in. 

8. When there are four movable pulleys in one block, how 
mnch string passes throngh the hands in raising a weight 6 in. P 
^715. 4 ft. 

9. With a block of three movable pulleys, how much cord 
wonld be required for a man to raise himself 30 ft. ? — Ans, 210 ft. 

10. Show that, in order that the pulleys in Fig. 79 may revolve 
in the same time, the diameters of the lower block must be as 
the numbers 1, 3, 6, and those of the upper as the numbers 
2, 4, 6. 

11. The circumference of the circle described by the end of the 
lever of a screw is 9ft., and there are two threads to the inch ; 
what powei will support 144 lbs. with such a screw ? 

12. The length of an inclined plain is to the height as 85 to 
13 ; if the power be horizontal and equal to 52 lbs., find the 
weight. — Ans, 336 lbs. 
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DYNAMICS. 



I.— MOTION. 

1. The examples of motion which constantly recur 
to our observation are very varied. Sometimes a body 
moves in a straight line, as when it falls freely to the 
earth. Sometimes it describes a curve, as when it is 
projected in a direction not vertical. Sometimes the 
body turns and retraces its path, as is the case with 
the ball of a pendulum. The velocity with which the 
body moves, and the nature of the forces which pro- 
duce motion, are other elements admitting of endless 
variation. It will evidently be necessary, therefore, to 
consider some of these circumstances of motion apart 
from the others. For example, it will be convenient 
to consider, first, the conditions of motion of a body 
independently of its size and shape, and, making an 
abstraction of these properties, to consider the mo- 
tion of a very small particle of matter or a material 
point. 

2. When a moving point or particle is in motion, 
the line containing all its successive positions is termed 
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the path of the point. The path may be a straight line 
or a curve. 

3. The motion of a point is said to be uniform when 
the point passes over equal spaces in equal times. 

In the case of uniform motion the velocity of the 
moving point is constant, and is measured by the length 
of path passed over in a unit of time. This length is 
usually expressed in feet, and the time in seconds. 
Frequently, however, other units are chosen ; thus, a 
train may proceed with a speed of 40 miles an hour, 
a ship may sail witli a speed of 10 knots an hour. 
Velocity expressed in other units may, however, be 
readily reduced to feet per second. For example, 
1 mile an hour = liV ft. per sec. 

The velocity is variable when the lengths of the path 
described in equal times are not equal. 

4. The length of path described in a certain time 
divided by the time is termed the mean velocity for that 
portion of the path. 

5. Variable velocity at any instant is measured by 
the mean velocity for an infinitely small space com- 
menced at that instant. 

It is the space the body would describe in a unit 
of time if from that particular instant the velocity 
remained constant. For example, a horse may travel 
from one place to another with a variable velocity ; but 
we may say that at a particular instant he is running at 
a speed of 20 miles an hour. We mean that for a small 
distance he moves with a speed which, if maintained for 
an hour, would carry him over 20 miles. 
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TJnifonn Velocity. 

6. Let V ft. per second be the velocity of a moving 
point. If the velocity be uniform, the point will move 
through V ft. in every second of time ; hence in 
2 seconds it will move through 2 v ft., in 3 seconds 
through 3vft., and so on. Consequently, if the point 
move for t seconds, it will pass through t v ft. Let 
s == the space passed through in t seconds 

then « = V^. 

7. Suppose two straight lines be drawn at right 
angles, and v units of length be measured 
on one and t units on the other, then these 
lengths may be taken to represent respec- 
tively the velocity and the time, and since 
the area of the rectangle of which these 
lengths form the sides is represented by 

^^g* 97. the product of the two numbers v and ^, 
this area may be taken to represent the space. 

Variable Velocity. 

8. When the velocity is variable, the rate of increase 
or decrease must be known in order that the motion of 
the point may be determined. 

When the velocity varies uniformly, the increase or 
decrease of velocity per second is termed the accelera^ 
tion, 

9. The acceleration is usually denoted by/; so that 
y= the number of feet added to the velocity in every 

second of time. 

For example, if the velocity of a point at one instant 

if0 30ft. and a second later 40 ft. per second, then 

^= 10 ft. per second. If at one mslaat \Jcift ^^^dx.-^ 
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be 10 ft., and tTiree seconds later 70 ft., tlie acceleration 

is 60 ft. -f- 3, or 20 ft. per second. 

10. From the preceding definitions it follows that if 

V be the velocity at the commencement of the time, the 

velocity at the end of the 

1st sec. = v + y 
2nd sec. = v + 2f 
3rd sec. = v + 3/ 



at time ^ = v + ft 

11. Let ns take a vertical line, as in Fig. 98, on which 
we can represent intervals of time, and at the points 
representing different instants of time draw horizontal 
lines proportional to the velocities at these instants, 
then by joining the extremities of these lines we obtain 
a figure the area of which represents the space passed 
over precisely, as in the case of a constant velocity. 

12. Let the velocity at the commencement of the motion 
be 0, then at the end of a second the 
horizontal line will represent/ ft. at 
the end of 2 seconds 2 fit., and so on. 

The space passed over in the time t 
will now be represented by a tri- f 
angle. Now the area of a triangle 
is found by multiplying half the base 
by the height. 

13. If the initial velocity be v, the 
velocity at the end of t seconds will 
be V + ff, and* the space will be j 
represented by Fig. 99, which con- 
sists of a rectangle, whose area is v fy 



and a triangle, whose area is \fi? 




\\%.^^. 
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14. If the velocity be diminished uniformly byyft. per 
■■■■B second, we have the velocity at 
/| the end of t seconds, r = v — ft^ 

^/ I and the space «, represented by 

/ I the rectangle a b c d (= v t) 
Tf^fi / J — the triangle b e c (= \fir) 

E C ^.^ B = Mt — \fi\ 

Fig. 100. 15, Tlie area ofeither of these 

figures may also be found by multiplying the mean 
breadth (t.c. half the sum of the upper and lower 
breadths) by the height ; hence the space passed over hy 
a particle moving with uniform acceleration is found 
hy multiplying half the sum of the initial and final 
velocities hy the time, 

16. From the two formuloB of motion 

V = ^ ±ft 

we may obtain a third, which does not involve the 
time, thus : — Multiply the first by t and subtract twice 
the second, 

2s 



t = 



V +Y 



But from the first, t = —~ — ; by equating these 

values of t, we obtain t;^ = V* + ^fs. 

17. We have now three equations of motion, 
v = Y±ft (I.) 

s = Yt ± ^ft' (n.) 
i>2= V« + 2fs (ill.) 
Where v is the initial velocity, 

y the velocity added in every second, 
/ the time during wliiclcL t\Lft \io^i W-abeeu 
moving. 
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Examples. 

1. A point moTOS from rest with nniform acceleration; the 
velocity at the end of three seconds is 18 ft. ; what is the velocity 
at the end of seven seconds ? 

The velocity gained in 8 sees. «» 18 ft. 
The velocity gained in 1 sec = '^ = 6 ft. 
.*. The velocity gained in 7 sees. = 7 x 6 =3 42 f). 

2. A body moves at one instant with a velocity of 30 ft. per 
second, and 5 seconds later with a velocity of 50 ft. per second; 
find the acceleration supposing it to be nniform. 

Velocity at the end of 5 sees. •= 50 
Velocity at the beginning r=s SO 

Gain in 5 sees s=3 20 

Gain in 1 sec =* 4 
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8. Find the space passed over in six seconds by a point which 
moves from rest and acquires a velocity of 30 feet. 

First method : — 

Initial velocity = 

Final velocity = 30 

By adding and dividing by 2 we ) 

have the mean velocity . . . ) 
Therefore the space — 15 x 6 = 90 

Second method : — 

Velocity gained in 6 sees. . = 30 ft. 
.*. The velocity gained in 1 sec. =» 6 ft. 
Thu8/=5. ButS = i/t« 
.-. S= i X 5 X 36 = 90ft. 

4. If a point start with velocity of 20 ft. per second and gain a 
velocity of 10 ft. per second, find the space passed through in 

8 seoonds. 

Hero V = 20, /= 10, and * = 8 

butS« V* + ift^ 



• • 
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Or thus : — 

Initial Telocity . . . , 
Final velocity = 20 + 



. . = 20ft. 
10 X 8 = 100 



= 60 



Adding and dividing by 2 we 
obtain the mean velocity . . 
Therefore the space = 60 x 8 = 480 ft. 

5. What is the velocity of a body which commenced to move 
with a velocity of 80 ft. per second, and has continued in motion 
for 7 seconds, the velocity regularly diminishing at the rate of 
8 ft. per second P 

Decrease per second . . . . = 8 ft. 

„ in 7 seconds . . . = 56 
.-. Final velocity = 80 — 56 = 24. 

6. Show by a diagram that the spaces passed through in 
successive seconds by a point moving irom rest under the action 
of a force producing a uniform acceleration are as the odd 
numbers 1, 3, 5, &c. 

Let OM be the line along which to 
measure intervals of time. Let Oa^ re- 
present the first second, a^ a^ the next, 
a^ a^ the third, and so on. Let a^ v^, 
<^2 ^2i ^3 '^3> <^c. represent the velocities 
after 1, 2, 8 seconds respectively. The 
figures ai Vi, a^ v^, a^ Vg, &c. represent 
the spaces passed over in the successive 
seconds j but by drawing lines through the 
points VjL Vj Vg, &c. parallel to M, and 
through a^ a, ag, &c. parallel to ON, we 
divide all the figures into triangles equal to 
OaiV^, the numbers of triangles in the 
successive figures being respectively 1, 3, 5, 7, 
&c., therefore the spaces have the propor- Fig. 101. 

tion of these numbers. 

7. A particle A starts from a point with a velocity of 20 feet 
per second accelerated uniformly by 10 ft. a second. Four 
seconds later another particle B starts after A with a velocity of 

lOOfb, per second, accelerated regulaily "by ^Q&. ^x «^^Q»Ti^ 
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When B overtates A, how long will A have moved, and how far 
will it be from the starting point ? 

Let t be the number of seconds through which A will have 
moved, and s the space, then (t — 4) will be the time daring 
which B will have moved, and the space s will be the same. 
The formula for A's motion will therefore be 

or s = 20t + Bt« (I.) 

And the formula for B's motion 

s = Va(* — 4) + if^ (* — 4)« 
or s -= 100 (* — 4) + 10 {t — 4)« 

= 10 <2 + 20 * — 240 (II.) 

Equate these two values of 5, 

.'. 20 1 + 5 t^ = 10 12 + 20 t — 240 
.-. 5*2 = 240 

ta = 48 = 16 X 3 
t =4^/3. 

Exercises. 

1. A point moves from rest with uniform acceleration, and the 
velocity at the end of 4^ seconds is 90 feet; find the acceleration. 

2. Define the term acceleration. A body moves at one instant 
with a velocity of 30 feet per second, and 7 seconds later with a 
velocity of 79 feet per second. Supposing the velocity to be 
uniformly accelerated, find the acceleration. 

3. Explain clearly the meaning of the equation v == V ^ ft. 

4. Find by the help of a diagram the space passed over in 
5 seconds by a body which began to move with a velocity of 
17 feet per second, and acquired a velocity 43 feet per second 
by the end of the fifth second, supposing the acceleration to be 
uniform. — Ans. 150 ft. 

5. Explain the meaning of the symbols in the equation 

s = Yt ± i/t« 
and show by means of a diagram how it may be obtained. 

6. A body starts with a velocity of 80 feet per second, and 
the velocity decreases regularly by 10 feet a second, Wh&i ^ill 
he ibe relocitj after 7 seconds ? 
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7. In the preceding example what will be the space passed 
over ? — Ans. 315 ft. 

8. A point starts from rest with an acceleration of 32 feet per 
second, how far will it move in 8 seconds ? — Ans. 1,024 feet. 

9. The acceleration is 8 ft. per second, and the initial velocity 
1 1 ft. per second ; find the space passed over in 8 seconds, and 
the velocity at the end of the time. — Ans. 344 ft. ; 73 ft. 

10. The space passed over in 5 seconds is 105 ft., and the final 
velocity 35 ft. ; find the initial Telocity and the acceleration. — 
Ans. 7 ft. ; 5*6 ft. 

11. A body moving from rest is observed to move over 6 ft. 
and 11 ft. respectively in 2 consecutive seconds; show that the 
acceleration is 5 ft. 

12. A body uniformly accelerated moves at the end of 2 seconds 
with a velocity which would carry it through 5 miles in the next 
half hour ; find the acceleration. — Ans. 7*3 ft. 

13. A body moving with uniform acceleration describes 570 ft. 
in the eighth second ; find the acceleration. — Ans. 76 ft. 

14. A body has described 392 ft. from rest in 7 seconds ; find 
the velocity acquired. — Ans. 112 ft. 

15. A body has described 54 ft. from rest in 8 seconds ; find 
the time it will take to move over the next 120 ft. — Ans. 2*38 
seconds. 

16. A body moves over 70 ft. in the fourth second ; find the 
acceleration. — Ans. 20 ft. 

17. A body describes 354 ft. while its velocity increases from 
43 to 75 feet per second ; find the whole time of motion and the 
acceleration. — Ans. 6 sees. ; 5*3 ft. 

18. A body in passing over 135 ft. has its velocity increased 
from 7 to 53 ; find the whole space described from rest and the 
acceleration. — Ans. 137/^ ft. j 10*2 ft. 

19. Find the numerical vfdue of the acceleration when in a 
quarter of a second a velocity is produced which would carry a 
body over 2 ft. in every third of a second. — Ans. 24. 

20. A body moving from rest is observed to pass over 36 ft. 
and 44 ft, respectively in 2 consecutive seconds ; find the acce- 

Jemtion and the time from rest. — Ans. Sit.*, ^ qxl^^ «eGa. 
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IL— FORCES PRODUCING MOTION. 

18. Hitherto "we have considered the motion of a 
particle under various circumstances independently of 
the forces which produce the motion. We have now 
to consider the relations between the forces and the 
motion which they produce. 

The science of Dynamics rests on certain fundamental 
principles termed the Laws of Motion. 

The first law of motion, or the law of inertia, is as 
follows : — 

Wlien a body is not acted on by any force ^ if it be at 
rest it will remain at rest, and if it be in motion it will 
continue to move in a straight line tvith uniform velocity. 

As this law is the basis of Statics as well as 
Dymamics it was stated at the introduction, together 
with the evidence on which it rests. 

On this and the following law the theory of the 
motion of the heavenly bodies is based, and the uniform 
agreement of the deductions from these laws and 
observations in astronomy is one of the strongest con- 
firmations of their truth. 

19. The second law may be stated thus :^ 

When a force acts upon a body in motion, the change 
of motion is the same in magnitude and direction as if 
the force acted on the body at rest. 

The truth of this law is shown by such considerations 
as the following : — 

When a person is on board a boat which is moving 
uniformly along a stream, any mo^em^iiXi V^ \sssi^<^'^ 
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produces exactly the same effect as if the boat Tfere at 
rest. 

When a stone is let fall from a point on land it falls 
in the direction of the vertical, and when a stone is let 
fall from the mast of a ship in motion, it reaches the 
deck at a point vertically below the starting point. 
Now the stone falls from the mast to the deck in the 
same time whether the vessel be at rest or in motion ; 
again, if the vessel passes horizontally through any 
distance, 3 ft. suppose, during the fall the stone also 
passes through 3 ft. horizontally, that is, through 
the same space as it would have passed through had it 
remained at the top of the mast. We conclude, therefore, 
that the horizontal motion due to the velocity of the 
vessel, and the vertical motion due to the attraction of tho 
earth, have each their full effect in their own direction, 
that is to say, in the resultant motion the stone is dis- 
placed horizontally in a certain time exactly as if its 
vertical motion did not exist, and it is displaced ver- 
tically in the same time as if its horizontal motion did 
not exist. 

This will be made still plainer by reference to tho 
following experiments : — 

Take a board a b e (Fig. 102) which has a curved 
groove A B cut in it, so that the direction of the curve 
at B is horizontal. If a ball m be made to slide down 
this groove the direction of its motion is horizontal. 
If the groove be prolonged horizontally to the point m, 
and the surface of the groove and ball be so well 
polished that friction may be disregarded, after the 
ball has passed n it will move along b m with uniform 
velocity. At the instant the ball m passes the point n, 



let another ball ni fall vertically along B E, and let G >i 
be taken at such a length that m mores from b to u in 




rig 102 

exactly the same time as m' moves from b to e. If 
now the horizontal groove be removed, and the ball be 
allowed to Blide down the groove ab, and then to fall 
freely, it will neither arrive at the point u nor the point 
E, bat at a point d, baring passed throogh a vertical 
distance b e and a horizontal distance u m. It will 
arrive at the point d in exactly the same time as the 
ball m' falling free would pass from B to E or the ball 
ffl after descending through the arc a b would pass from 

Btox. 



falling Bodies. 

20. The fall of bodies to the earth in various drciim- 
etances offers remarkable Uluatrations of the preceding 
principles. 
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When bodies of different material fall in the air, they 
do not usually pass through the same heights in the 
same time. A ball of lead and a scrap of paper fall 
through the air with very different velocities. The 
difference arises from the difference in the resistance 
offered by the air, which varies with the form and 
dimensions of the body and with the velocity. 

If the bodies are made to fall in a tube from which 
the air has been expelled, then the time of descent and 
the velocity acquired will be the same. The motion of 
all bodies in vacuo is uniformly accelerated. 

It is usual to call the force producing the motion 
"gravity," and to indicate the acceleration by g. Hence 
g is the number of feet added to the velocity of a body 
moving freely in vacuo for every second of time. This 
acceleration is not absolutely the same at all points on 
the earth's surface, but its variations are very small. It 
increases with the latitude of the place and decreases 
with the height above the sea. In London a velocity 
of nearly 32*2 feet is added in every second when a 
body moves in vacuo. 

We may therefore at once apply the formulas for 
uniform acceleration to the case of falling bodies. 
When the body falls from rest the equations of motion 
(§ 15) are 

V = gt s = ^ gt^ 

and by equating values of t from both equations tr^ = 
2 gs. 

When the body has an initial velocity v these equa- 
tions of motion are 

p=Y±gt S = Yt ±i gt 
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and by finding the value of t from the first equation 
and substituting in the second 

In all cases in which the body moves in a vertical line 
the space passed through is equal to the mean velocity 
multiplied by the time. 

Example /. A body falling under the action of 
gravity has a velocity of 30 ft. ; how far will it fall in 
5 seconds ? 

Initial velocity = 30 ft. 

Final „ = 30 + 5 X 32 



Mean ,, = 110 

5 



Space ,, 550 ft. 



Example 2. A body is projected vertically upwards 
with a velocity of 100 feet per second ; how far will it 
ascend in 3 seconds ? 

Initial velocity = 100 

Final „ = 100 —3 X 32 



Mean ,, =52 

3 

Space „ 156 
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Example 3, To find the space passed througli in the 



n*^ second : — 

Velocity at commencement of 

ffii second = » — \*g. 

Velocity at end of nth second 
= ng. 

Mean velocity and space = J 
(2n — l)y. 

Substituting successively 1,2,3, 
&c. for 71, we find the spaces passed 
through in the successive seconds 

are|, 3 |, 5 |, 7 |, &c., and 

generally the space passed through 
in the nS^ second is the n*^ odd 

number multiplied by jr. 

Fig. 103 will therefore repre- 
sent the divisions of the path cor- 
responding to different times, each 

part representing ^ feet. 



Sees. 



BpacoB. 



"L } 1 



11.— 



in.— 



2 
_ 3 



4' 



lY.— 



v.— 



VI.— 



— 5 

— 6 

— 7 

— 8 



-10 
-11 
-12 
-13 
-14 
—15 



y 7 



.16/ 



—17 
—18 
-19 
-20 
—21 
—22 
—23 
—24 



.25/ 



—26 
-27 
—28 
—29 
—30 
—31 
—32 
—33 
-34 
-35 

• • • • • ' 

-37 
—38 



11 



36/ 



Fig. 103. 
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Example 4, A body is projected vertically upwards 
with velocity v ; to what height will it rise ? 

The velocity at any point is given by the equation 
t* = v" — 2^5; but at tlie highest point the velocity 
is o. Hence, if h be the height = v^ — 2 ^ A, 

V» 

hence A = ~ 

The velocity acquired in falling from this height is 
given by the formula v* = 2 ^ A ; hence v = v, and 
the body strikes the ground with a velocity equal to 
the velocity of projection. 

Example 5. Find the time of ascent. 

Here 8 = vi — \ 9^^ 

Put 8 = 0, thea v< — \ g ^ z= o^ 

2V 
and < = o, or — 

9 

Tho first value corresponds with the instant of 
starting, and the second with the instant at which the 
body returns to the starting point. 

Again, put S = — , that is, the height to which the 

body will rise, 

V 

then < = — 

9 
Now, this is half the whole time ; hence the time of 

ascent is equal to tho time of descent. 

These results are important, and may be collected 
thus : — 

When a body is prcjecied vertically upwards with 

V 

velocity v, it rises for — seconds, reaches the heiqIU 
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"V 

— , falls in the same time as ii took to ascend, and 

s'l-ikes the ground with the vtlocily v. 

21. Let us noiv apply the eecond law of motion to 
find tho position of a particle projected horizontally 
with velocity v, and allowed to fall under the action of 
itfi weight, aa represented in Fig. 103. 

Let A B represent the 
horizontal direction, and, 
according to a fixed scale, 
take eqaal distancea a c, 
Ci Cg, &c. to represent the 
Epaceswhichwould be passed 
over in sncccsBivo seconds if 
the body were subject only 
to the force of projection. 
At the points c,, c,, &c. 
draw vertical lines repre- 
senting, according to tho 
scale chosen, the spaces 
which would be passed 
tjirough in 1, Z, S, &c. 
seconds if gravity were tho 
only force. Thus, Ci a^ ^^ 
10 ft., cj«, = 10 X 4 ft., 
0,0, = 10 X 9ft.,&c. Tho 
points Oi, Oj, Oai &c. repre- 
sent the position of the par- 
tide at the end of the successive seconds, and the curve 
joining these points represents the path. 



Fig. 104. 
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Exercises. 

In tlie following exercises use 82 fib. as an approzimation for 
the acceleration due to gravity. 

On the formula v =* V ± gt. 

1. A body falls for 8 seconds ; with wliat velocity is it moving 
at the end of that time ? — A tu. 256. 

2. If a body is let fall, how long will it take to acquire a 
velocity of 500 ft. per second ? — Ans. 15^ sees. 

8. A body is projected npword with a velocity of 80 fb. per 
second; determine the velocity it will have at the end of 
8 seconds, and the number of seconds that must elapse before its 
velocity equals its initial velocity. — Ans. 16 ft.; 5 sees. 

4. A body is thrown downward with a velocity of 160 ft. per 
second ; find its velocity at the end of 5 seconds, and the number 
of seconds in which a body that is merely dropped would.acquire 
that velocity. — Ans. 320 ; 10 sees. 

5. A body A is projected downward with a velocity of 240 ft. 
per second; at the same instant another body B is projected 
upward with an equal velocity; how much faster will A be 
moving than B at the end of 6 seconds ? — Ans. 9 times. 

6. A body is thrown upward with a velocity of 96 ft. per 
second; with what velocity will it be moving at the end of 
4 seconds? — Ans. Downwards with a velocity of 32 ft. per 
second. 

7. A body is dropped from a certain height h, at the same 
instant as another is thrown upward j what initial velocity must 
the latter have that it may meet the former half way ? — Ans. 

y/gh. 

8. A body is at a given instant moving upward with a given 

velocity v ; show that it will be moving downward with an equal 

2v 
velocity after — seconds^ and that it will reach its highest point 
</ 

after - seconds. 
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9. A body is thrown np with a velocity a g ; after how long 
will it be descending with a velocity h g ? — Ans, a+ &• 

On the formula S — Ft + J gf ^ 

10. How many feet will be described in 7 seconds by a body 
that moves freely from rest under the action of gravity P — Ans* 
784. 

11. Through how many yards wonld a body felling freely from 
rest descend in 3 minntes ? — Ans. 172,800. 

12. A body is projected downward with a velocity of 50 fb. per 
second ; how &r will it £bQ1 in 4^ seconds ? — Ans. 549 ft. 

13. A body is projected npward with a velocity of 150 ft. per 
second; how high will it have ascended in 64 seconds? — Ans. 
299 ft. 

14. If a body is thrown npward with a velocity of 96 ft. per 
second, how fax will it be from the starting point at the end of 
4| seconds, and what wiU be the whole space it will have 
described f^Ans. 95 ft. ; 193 ft 

15. A body is projected npward with a velodfy of Sg fL per 
second ; determine the height of the body, and with what velo- 
city, and in what direction, it will be moving at the end of 4 
seconds. — Ans. Height 4^, moving downward with velocity g. 

16. A body is projected npward with a velocity v ; show that 

2v 
it will retnm to the point of projection after — seconds. 

17. A body hUs for a time t, and has a velocity Y at the 
beginning, andt; at the end of that time ; find the space described. 
— uln«. i{V + v) t. 

On tJie formula i;* — F* -f- 2 gf «• 

18. If a body is thrown npward with a velocity of 36 ft. per 
second, find its greatest height. — Ans. 20} ft. 

19. If a body falls freely through 1,600 ft., find the velocity it 
acquires. — Ans. 820 ft. 

20. A body is projected vertically upward with a velocity of 
2 DO fb. per second; how long will it take to reach the top of a 

tower 100 ft, high ? — Ans. IJ ox 5 bqqs. 
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21 . A body is thrown upwards with a velocify of 80 ft. per 
second ; how fax will it ascend ? 

22. Two stones are dropped from different heights and reach 
the ground at the same time, the first from a height of 81 feet 
and the second &om a height of 49 feet; find the interval 
between their starting. — Ans, 4 sec. 

23. A body is projected upwards with velocity of 60 feet per 
second ; what will be its velocity after it has passed over 50 feet ? 
—Ans. 20 ft. 

24. A body is thrown downwards with a velocity of 10 feet 
per second ; what will be its velocity after it has fallen through 
75 feet ? 

25. A stone A is let fall from a certain point, and after it has 
fallen for a second, another stone B is let fall &om a point 100 ft. 
lower down; in how many seconds will A overtake B? — 
Ans. 8f seconds &om the starting of A. 

26. With what initial velocity must a body be thrown down- 
wards that it may strike the ground, which is 69 ft. below the 
starting point, with a velocity of 104 fL per second ? — Ans. 80 ft. 

27. A body commences to move with a velocity of 80 ft. per 
second, and after it has passed over 100 ft. it has a velocity of 
120 ft. per second; find the acceleration. 



Kass. 



22. Hitherto we have considered a force producing 
motion as measnred by the acceleration or the velocity 
it generates. It is, however, necessary to take into 
acconnt the quantity of matter moved. When the same 
force acts on different bodies, it i^to^xxg^^ yh ^^'Sa. ^ 
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uniform acceleration ; bat the acceleration will not be 
the same in both cases. 

This difference arises from what is called the mass of 
the bodies. 

23. Mass is a term for the quantity of matter in a 
body. It is not easy to give such a definition of mass 
as will lead us at once to a method of measuring it. 
We are compelled to measure mass by its effects. 

We assume that the attraction of the earth on all 
particles of matter is the same, and is not dependent 
on the nature of the matter attracted. This assumption 
seems to be justified by the fact that bodies of all kinds 
fall with equal velocity in the exhausted receiver of an 
air-pump. Hence we measure the mass of a body by 
its weight, and can only define the mass as a quantity 
proportional to the weight. If, then, at the same spot 
in the earth's surface one body is twice as heavy as 
another, the mass of the first is twice that of the 
second. 

Suppose, however, the body is weighed by a spring 
balance (Fig. 2) at a certain place, and weighed 
again by the same instrument at another place nearer 
the equator, it will be found that the body is lighter at 
the latter place. It is found also that the acceleration 
due to the attraction of the earth is also less at the 
second place than at the first in the same proportion. 
This illustrates the fact that when the mass remains 
the same, the weight varies as the acceleration due to 
gravity. Consequently, writing m for mass, w for 
weight, and g for acceleration due to gravity, 
w varies as m when g is constant, 
w varies as g when m is constant ; 
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therefore w varies as m ^ when both vary ; and there- 
fore, by a theorem of algebra, if 

= some constant quantity, 
w = c M ^. 
By selecting a suitable unit of mass we may make this 
constant unity ; 

then w = M^". 

This formula exhibits a relation between the statical 
and the dynamical measure of force. When a force 
acts upon a particle, the dynamical effect of the force 
(supposing the particle to move) is measured by the 
acceleration produced. The statical effect, supposing 
the particle to be kept at rest, is the pressure pro- 
duced ; and if p be the pressure, m the mass, and /the 
acceleration, then p = m •/. 

If for M we write its value in the above equation, we 
have 

w 
This result may be expressed in words as follows : — 

24. When pressure produces motion, the acceleration 
vanes directly as the pressure, and inversely as the 
mass. 

The product M/is sometimes called the moving force, 
and this statement is then made thus — the moving 
force is proportional to the pressure. This law may 
be illustrated by the following arrangement : — 

Suppose two weights p and q, whose masses are 
respectively m and m', to be connected by a fine inex-» 
tensible cord passing over a fixed pulley. If p = q 
there will be no motion ; if p be greater than q there 
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will be a pressure producing motion equal to the excess 

of p over Q or (p — q). The mass moved is m + m\ 

hence 

/(m +rn!) = V—q, 

P O 

but 7w =* — and wi' == -?? 

9 9 

therefore /=gr ^ ^ 

25. To find the tension in the cord. 

We may consider the tension t to be the upward 
force acting both on p and q ; the pressure producing 
the motion of p downwards will be p — t, and the 
pressure moving q upwards t — q, and the accelera- 
tions are the same ; 

hence/= . — — — 

m 

m 



therefore 



p_T T— Q 



m ml 

or dividing by ^, 

P— T T — Q 

P ^ Q 

consequently T = ^ 

For example, suppose two weights connected by a 
cord passing over a fixed pulley to be 8 ozs. and 5 ozs. 
respectively ; then, /= 32 "I = 8, and if the weights 
are allowed to move from rest, the equations of 
motion become i; = 8^ and s = 4i^, The tension in 

the cord will be ^ ^ ^^^ = 8|. If the 8 lbs. 
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instead of being divided into unequal parts 3 and 5 were 
divided into equal parts, the tension of the string would 
be 4 lbs. ; hence we see that the tension is less when the 
parts are unequal than when they are equal. That 
which is true in this particular case is generally true. 



Attwood's ICaeliine. 

26. The machine represented in the figure was devised 
by Attwood for testing experimentally the laws of 
motion and the results derived from the theory of falling 
bodies. 

It consists of an upright beam, supporting at the 
upper extremity a nicely constructed wheel turning on 
a horizontal axis, and two equal weights p, p', connected 
by a fine silk thread which passes over a groove in the 
wheel. To diminish friction the axis of the larger 
wheel turns on friction wheels (Fig. 105). 

The pillar is furnished with a graduated scale, a 
movable ring n, and stage m. 

Another important appendage to the machine is a 
small clock with a pendulum beating seconds. 

Suppose the weights p and p' to be at first equal : 
they will then be at rest. 

Let the movable ring be in the position n, below the 
weight p and on this weight place a small harp, p will 
descend with ac<3elerated velocity until it reaches the 
ring (n). Here the bar p will be lifted off the weight 
p by means of the ring (w), and p will move onward 
with a uniform velocity equal to the velocity at the 
moment when (p) was retained by the ring. Now 
place the stage in such a pos\t\oTL \\i'a.\. \)Mi nr'sv^c^ ^ 
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may reach it in exactly one second after it has passed 
the ring (n). The distance between the stage and 
ring will be the space described by a body moving with 
a uniform velocity in a unit of time. 

Let us now suppose that the ring is exactly so far 
below the starting-point p as to lift off the bar when p 
has moved for exactly one second. Also let the stage 
be so placed as to stop p exactly one second after the 
bar has been removed. Then the distance n m\^ the 
acceleration. Now the following relation is found to 
exist between this acceleration and the weights : if we 
double the weight of the bar p^ while we keep the sum 
of the weights p p' and ^ the same, we double the 
acceleration, and if we take a bar n times the weight 
of the first, the second acceleration will be n times that 
of the first. 

If now we keep the bar the same, but double the 
sum of the weights, we shall find that the acceleration 
is then only half what it was before, and generally if 
we multiply the weight moved by n we shall divide the 
acceleration by n. 

Thus the acceleration varies directly as the pressure 
producing motion, and inversely as the mass moved. 
In every respect we find the results agree with the 
theory of Article 33. 

The chief advantage secured by this machine is that 
we may make the acceleration as small as we please, 
and thus render the motion slow enough to be observed 
without difficulty. 

Suppose, for example, that the equal weights are 
each 31*7 grammes and the bar 1 gramme, then, taking 
the acceleration due to gravity «l^ ^^•*5t,^^V'K^^^Vi *^^ 
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theory of Article 33, an acceleration equal to 32*2 x 

32-7 + 31-7 ^ 2 ' "^^^ ^^ ^® ^^^^ *^^ ^^^ ^^ 
throughout the time it is found that the space described 
in the first second is ^ft,, in the next second 3 x ^ft. 
in the third 5 x ^ ft. and in the nth. second the ;ith odd 
number multiplied by ^ ft. 

Again, by cutting off the pressure producing motion 
at the end of the successive seconds, and measuring the 
spaces passed through in the next second, it is found 
that the velocity at the end of the first second is ^ ft., 
at the end of the next 2 x -^ ft., and at the end of the 
third 3 x -^ft., and at the end of the nth second 
n X -J ft. Thus the results of the experiment agree 
entirely with those of the theory of falling bodies. 
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Examples. 

1. What velocity will be commnnicated to a weight of 100 lbs. 
by a pressure of 10 lbs. in 10 seconds ? 

P 

From the formula f = g ==- since gr = 32, P = 10 and 

W = 100 lbs., we have /= 82 x -- = 32 j and from the 

formula v =^ftwe have v = 3*2 x 10 = 32. 

2. A weight of 8 lbs. hanging over the edge of a smooth table 
pnlls along a weight of 28 lbs. placed on the table; find the 
acceleration and the space passed over in 3 sees. 

Here the pressure producing motion is the 8 lbs. and the 
weight moved 8 + 28 » 36 lbs. 

.-. / = 32 X i = 7-i 

Again, since s = \ft^ 
if t = 3 sees., we have s = i x 7*1 x 9 = 32. 



Exercises. 

1. A pressure of 2 lbs. moves a weight of 12 lbs.; find the 
acceleration. 

2. How far wiU a weight of 50 lbs. be moved by a pressure of 
1 lb. in 12 seconds ? 

3. What pressure by acting for 6 seconds will produce a 
velocity of 120 feet per second in a weight of 12 lbs. ? — Ana. 7i lbs. 

4. If weights of 3 and 5 lbs. are connected by a string which 
passes over a fixed pulley, what will be the velocity generated in 
a second of time ? 

5. In the above example, how far will the heavier weight 
descend in 5 seconds ? — Avis, 100 ft. 

6. If the weights be respectively 15 lbs. and 17 lbs., in bow 
long wDl they move tbrougb. 144 iee\>V 
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7. A weight of 2 lbs. hangs over the edge of a smooth table, and 
draws a weight of 50 lbs. laid on the table ; what velocity will be 
acquired in 2^ seconds ? — Arts, 8^? feet. 

8. How far will either of the weights move in 5 seconds ? — 
Ans, IS^^feet. 

9. A steam-engine moves a train weighing 60 tons on a level 
road from rest, and acquires a speed of 5 miles an honr in 
5 minutes. If the same engine move another train, and give it 
a speed ot 7 miles in 10 minutes, find the weight of the second 
train, supposing the resistance to amount to the same in both 
cases ? — Ans, 85y tons. 
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27. We have already shown that if p be a pressure 
producing the motion of a mass m, and if / be the 
velocity generated in a unit of time, then by taking a 
suitable unit of mass the relation of these quantities 
is expressed by the equation p =/m. 

The product of the mass into the velocity at any 
instant is termed the momentum at that instant. 

Hence, when the acceleration is uniform, ^m is the 
momentum at the end of the first uecond, and also the 
increase of momentum for every second. The above 
equation states that the momentum generated in a unit 
of time is proportional to the force. 

The momentum bears the same relation to the moving 

force that the velocity does to the acceleration ; the 

momentum varies with the time, and the moving force 

is the increase of momentum for a second of time. 

^S. When a moving body prodvices \i\ift TCLot\oYL of 



anotiier body, the greater the momentiim of tlie first 
the greater the momenlum generated ia the second. 
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As an illustration, refer to the mactine for driving' 
piles, represented in Fig. 106. The block of iron a is 
raised to the top of the frame o c, and allowed to fall. 
It might lie on the head of the pile fi for an indefinite 
length of time without producing any effect, but a 
momentum is generated in the fall which is destroyed 
in an exceedingly short time by the resistance of the 
pile. On the one hand we see that the greater the 
mass A, and the greater the height from which it falls, 
the greater is the effect, and on the other hand the 
greater the resistance of the pile the shorter the time 
during which it is overcome by the momentum of a. 

Whenever the resistance to be overcome is great, the 
action of the force must be limited to a proportionately 
short time. 

When a hammer is made to fall on the head of a 
nail the momentum of the hammer at the instant of 
contact is spent in overcoming the cohesion of the 
particles of the wood. With a given momentum the 
shorter the duration of the ' shock the greater the 
effect of the force in overcoming this resistance. Sup- 
pose that the board is not firmly supported so that it 
yields under the blow (Fig. 133), the duration of the 
shock is prolonged, the resistance which may be over- 
come is lessened, and consequently the nail drives 
badly. It enters much better, however, if we place 
behind the plank some solid body which diminishes the 
recoil of the board. 

29. We have considered hitherto forces which act 

for an appreciable time, but we now see that there may 

be forces which act for a very brief period, and yet in 

this short time produce or destroy a great momentum. 
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Fig. 10 





Fig. 108. 



These are termed impulsive forces. An impulsive force 
is one which produces a finite change of motion in an 
indefinitely short time. 

It is evident that such forces cannot be measured by 
the momentum generated in a unit of time ; they arc 
estimated by the whole momentum generated. Suppose, 
for example, that a blow given to a cricket ball of 

weight w drives it from the bat with a velocity v, then 

w 
the momentum v x — is the measure of the foY<i<^* 

9 
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30. The first and second Laws of Motion explain the 
action of external forces on a body. By their means 
we are able to investigate the motion of a particle 
subjected to given forces. We have yet to examine 
the cases of motion which arise from the mutual action 
between or among two or more bodies. We shall be 
assisted in understanding the nature of this action by 
the following illustrations :— 

(i.) When the block of the pile-driving engine (Fig. 
106), after falling from A strikes b, it exerts a force on the 
pile which causes it for a very short interval of time to 
overcome the resistance ofiFered by the soil. At the 
same time the block itself is acted on by a force upwards 
which brings it to rest, and these two forces are equal. 

(ii.) If two balls moving in the same straight line are 
made to strike one another, the force of the first on the 
second is exactly equal to that of the second on the first, 
the force being measured by the momentum. 



& 



^ 



Fig. 109. 



Let two balls m and n (Fig. 109) be approaching along 
the straight line a h with equal momentum, then it will 
be found that if they are not capable of rebounding, 
they will be reduced to rest after impact, the action on 
one being exactly equal and opposite to that on the 
other. Suppose, for example, that the balls weigh 
6 lbs. and 8 lbs. respectively, and that their velocities arc 
4 ft and 3ft per second, so that the momentum of 
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each is 24 — g^ then they will both be brought to rest 
by the impact. 

It is worthy of remark that in this case the C. G. of 
the two balls will not change its position during the 
motion ; for let c be the point at which the balls meet, 
then a c and h c will be described in the same time, and 
therefore these lines must be proportional to the velo- 
cities of the balls. But since the momenta are equal, 
the velocities must be inversely proportional to the 
masses, and consequently c divides the line ah into 
parts inversely proportional to the masses. Therefore 
c coincides with the C.G. of the two bodies, that is to 
say, the C.G. is the point at which the bodies will meet, 
and therefore has a fixed position. 

(iii.) If a cannon free to move on a smooth plane be 
discharged, the cannon will recoil, and its momentum 
will be exactly equal to that of the shot, but in the 
opposite direction. Let w^ be the weight of the shot, 
and I'l its velocity on leaving the gun, and let w^ be the 
weight of the gun, and V2 its velocity of recoil, then 

tTl Vi = W% Vg. 

We need not write the g in the denominators, for they 
cancel. 

(iv.) Suppose a shell to be moving on a horizontal 
plane with a velocity v, and suppose it to burst in the 
line of its motion into two parts, whose weights are 
Wx and tTj. Let the velocity of the first part after 
explosion be less than the original velocity by Vi, then 
the velocity of the second part will be greater than the 
original velocity by rg, such that 
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The momentum produced in one direction by the 
explosion will retard the motion of Wi, and that pro- 
duced in the opposite direction will be equal to the 
former, and will increase the velocity of Wf The sum 
of the momenta of the two parts will thus be the same 
before the explosion as after it. This we might have 
concluded also from the First Law of Motion, since by 
that law a body cannot of itself alter its momentum. 

These are illustrations of a law which is known as 
Newton's Third Law of Motion. To evert/ action there 
is always an equal and contrary reaction. 

The momentum produced in any direction by the 
mutual action of two bodies being called action ^ the 
momentum produced at the same time in the opposite 
direction is termed reaction. 

This principle was assumed in the case of statical 
forces in § 7, and also in § 15, p. 8, and § 25, p. 110, 
where the tension in a cord at rest or in motion was 
supposed to be the same at every point. 



Exercises on Newton's Third Law. 

1. A body A of weight 10 lbs. strikes a body B at rest, and 
weighing 100 lbs., with a velocity of 100 ft. per second; find the 
velocity of B supposing A to be brought to rest by the impact. 

2. Two bodies, whose weights are 6 lbs. and 10 lbs., and whose 
velocities are 50 ft. and 20 ft. per second respectively, approach, 
and after impact move on together ; find the common velocity. 

3. Three balls, weighing respectively 5 lbs., 7 lbs., and 8 lbs., 
He in the same straight line. The first is made to impinge on 

the ieoond with, a velocity of 60 ft. per second without rebounding 
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The first and second together impinge in the some way on the 
third ; find the final velocity. — Arts, 15 ft. 

4. A gnn weighing 5 tons is charged with a shot weighing 
28 lbs. J if the gnn be free to move, with what velocity will it 
recoil when the boll leaves it with a velocity of 100 ft. per 
second? — Ans. '25 ft. 

5. Two wooden balls weighing 12 oz. and 16 oz. are made to 
impinge on one another. One of the balls is famished with a 
spike to prevent the rebonnd. If the velocity of the smaller be 
12 fb. per second, what mnst that of the larger be that the motion 
may be destroyed by the impact ? 

6. A shell atrest bursts into two parts, the smaller of which is 
one-third of the whole ; what will be the ratio of the initial 
velocities of the parts ? 

7. A shell moving with a velocity of 50 ft. per second bnrsts 
in the line of its motion into two parts, which weigh respectively 
30 lbs. and 62 lbs. The velocity of the larger piece is increased 
in the direction of motion by 80ft. per second; what is the 
velocity of the smaller? — Ans. 12ft. in a direction opposite to 
the direction of motion immediately before the explosion. 

8. Two bodies subjected to their mntnal attraction, and to no 
other forces, start from rest. If their masses are as 5 to 2, and 
the acceleration of the larger is 40 ft. per second, find the acce- 
leration of the smaller. 
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MATRICULATION. 

1. State the relation between the power and weight on a smooth 
inclined plane when the power acts parallel to the plane. What 
power sustains a man standing on a slope P (§ 88.) 

2. Define the centre of gravity of a body. A uniform rod, 
three feet long, which weighs 3 lbs., has a 1 lb. weight hung 
from one end by a string one foot long : find the centre of gravity 
of the whole, and show where the rod must be supported in 
order that the whole may balance. (§ 54. The rod must be 
supported 13^ inches from one end, and when it is horizontal 
the G. G. will be 3 in. below this point.) 

3. A cord without weight or friction passing round a single 
fixed pulley has a weight of 1,000 grains attached to one of its 
extremities, and one of 2,000 grains to the other : when left fr^e, 
how far will this latter extremity have descended in two seconds ? 

Arts. / = ^ /. » = - 0. 
3 8 

4. Let A B and A C represent in direction 
and magnitude two equal forces acting at A, 
the angle between their directions being 50°. 
Draw a line which shall represent in direc- 
tion and magnitude a force which will be in 
equilibrium with these forces ; and state the ^ q 
angle which its direction will make with A B. 

5. Explain why a man who has to carry a heavy box in one 
Jiand must throw his body on one side. ($ 66.) 
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If the force of gravity, instead of acting vertically, were to 
act horizontally from east to west, would this affect the position 
within a body of its centre of gravity ? ($ 53.) 

6. What is the ratio between the power and the weight in a 
screw which has ten threads to the inch, and is moved by a 
power acting perpendicnlai'ly to an arm at a distance of one foot 
from the centre ? — Ans. s^^t^* 

7. How far will a body fall from rest in fonr seconds ? With 
what velocity mnst a ball be thrown vertically npward, in order 
to retnm to the hand after fonr seconds ? — Ans. 8 g, or 257*6 ft., 
and 2 g, or 64*4 ft. 

8. A weight, W, is suspended from a movable pnlloy G, A 
and B being two fixed pnlleys. When the system is at rest, what 
are the forces which keep the point C in equilibrium ? and why 
is it necessary that the two weights W' should be equal to one 
another? (§§18,19.) 

9. Two men, A and B, carry a weight of 200 lbs. on a pole 
between them. If the men be 5 feet apart, and the weight slung 
at a distance of 2 feet from A, what part of the weight will he 
bear, neglecting the weight of the pole ? — Ans. 120 lbs. 

10. Explain why a plumb-line will not remain at rest except in 
one position. (§ 54.) 

11. An arrow is shot vertically upward with a velocity of 100 
feet in a second when it leaves the bow. How long will it be 
before it reaches the ground again? — Ans. 200 -f- 9, or 6 J sees. 

12. If another arrow, half the weight of the former, be shot 
with the same force vertically upward, how long will it be before 
it reaches the ground again ? Point out where you apply any of 
the laws of motion in answering this question. 

(The moving force varies as the mass and as the velocity 
generated ; hence, if the force remain the same, and the mass be 
doubled, the velocity will be diminished by one half, and there- 
fore the time will be lessened in the same proportion.) 

13. If a man has to raise a weight and has only one pulley at 
his disposal, show how he must apply it in order to obtain the 
utmost advantage. — Ans. Fig. 77, with parallel cords. 

14. Two forces, not parallel, represented in magnitude and 
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direction by AP and B Q act at the extremity of a lever A B. 
Exhibit by means of a diagram the moments of these two forces 
ronnd the folcrom O, and state what condition will be satisfied 
when there is eqnilibrinm (Fig. 60). 

15. Show, from the property of the Centre of Gravity, that in 
a common balance it makes no difference in what part of the 
scale-pan the weight is pnt, whether in the centre or at the 
edge (S 54). 

16. A man who weighs 160 lbs. wishing to raise a rook, leans 
with his whole weight on one end of a horizontal crowbar 5 fb. 
long, which is propped at the distance of 4 in. from the end in 
contact with the rock ; what force does he exert on the rock, 
and what pressure has the prop to sustain? — Ans, 2,240 lbs. 
2,400 lbs. 

17* A solid cube of wood rests by one of its sides upon an 
inclined plane in such a manner that the upper and lower edges 
of its base are horizontal. The inclination of the plane can be 
increased, and it is so rough that the cube will topple over before 
it will slide; find at what inclination this will take place 
(Fig. 4,^),— Ans, 45^ 

18. How does it appear that the force of gravity acts on all 
substances alike ? 

19. A person inside clings to the roof of a railway carriage 
which then rushes horizontally over the edge of a precipice ; what 
change, if any, in his motion will result if he lets go his hold ? 
Give a reason for your reply. 

20. A plummet, the string being held in the hand, is immersed 
in a current of wat«r, and the string ultimately settles in a slant- 
ing position ; explain by a diagram the nature and action of the 
forces which determine the position of the string. — Ans. The 
force of the current is horizontal, the weight vertical, and their 
resultant has the direction of the string. 

21. How would you find the C. G. of a straight, but not 
uniform rod ? ($ 53.) 

22. A straight lever, 6 ft. long and heavier towards one end, is 
found to balance on a fulcrum 2 ft. from the heavier end ; but 
nrhen placed on a fulcrum at the middle, it requires a weight of 
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8 lbs. hung at the lighter end to keep it horizontal ; what is the 
weight of the lever ? — Ans, 9 lbs, 

23. Enunciate the Second Law of Motion. A ball is projected 
in a horizontal direction from a rifle placed 1,000 fb. above the 
level of the sea. Find the elevation of the ball two seconds after 
the discharge, neglecting the resistance of the air. — Ans, 1,000 
— 2sf; or, 935-6 ft. 

24. Exhibit, by means of a diagram of which the construction 
is to be explained, the method of finding the resultant of the 
forces represented by the lines in Figure 21, the forces all acting 
at the point M, and lying in the plane of the paper. 

25. Find the Centre of Gravity of a system consisting of two 
spheres, 8 oz. and 24 oz. in weight, connected by a rigid rod 
without weight, the distance between the centres of the spheres 
being 1 foot. — Ans. 9 in. from the smaller weight. 

26. Mention some of the most important applications of the 
screw. 

27. State the Third Law of Motion, and give a numerical 
application of it. 

Explain the " kick ** of a gun. 

28. A boat is moored in a stream by two ropes, fixed to posts, 
one on each bank, and inclined to the direction of the current at 
angles of 30° and 45°. Draw a figure from measuring which the 
proportion may be found between the strains on the two ropes. 

29. A weight is to be raised by means of a rope passing round 
a horizontal cylinder 10 inches in diameter, turned by a winch 
with an arm 24 ft. long. Find the greatest weight which a man 
could so raise without exerting a pressure of more than 50 lbs. 
on the handle of the winch. — Ans, A little less than 300 lbs. 

80. Define the C. G. of a body. A triangular board is hung 
by a string attached to one comer. What point in the opposite 
side will be in a line with the string ? (§ 56.) 

81. When a body in motion is left wholly to itself not being 
influenced by gravity or any other external force, what is the 
nature of the motion of translation of the body ? Give some 
evidence from observation or experiment of the truth of your 
statement. (§§2,8^,4.) 
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32. Explain by reference to a diagram why a stone only fallB 
16 fib. daring the first second, while yet the force of gravity 
generates in that time the velocity of 32 fb. per second. (Fig. 
114.) 

33. Sketch a system of pnlleys, one fixed and two movable, in 
which one end of the string passing round each pnlley is attached 
to the weight, and find the relation of the power to the weight 
in equilibrium. (Fig. 81.) 

34. A stone after falling for one second strikes a pane of glass, 
in breaking through which it loses half its velocity. How fax 
will it fall in the next second ? — Ans. g, or 32*2 ft. 

85. It is required to substitute for a given vertical force, two 
forces, one horizontal, the other inclined at an angle of 45° to the 
vertical : determine the magnitudes of these two forces. — Ans. If 
P = the given force, the first = P, the second (^2*?. 

36. How can the true weight of a body be determined by 
means of a balance with unequal arms ? (§ 77.) 

37. A body fialling with a uniformly accelerated motion, passes 
through 10 ft. in the first two seconds after starting : how far 
will it be from the starting-point at the end of the third second ? 
—Ans. 22i ft. 

38. Show how to find the resultant of two forces, A and B, 
which act upon a given point in directions that make an angle a 
with each other, the force A acting towards a given point, and 
the force B away from it. (§ 25.) 

39. Six smooth vertical posts are fixed in the ground at equal 
intervals round the circumference of a circle, and a cord, without 
weight, is passed twice round them all in a horizontal plane, and 
pulled tight with a force of 100 lbs. Find the magnitude and 
direction of the resultant pressure on each post. — Ans, 200 lbs. 
towards the centre. 

40. A straight lever 20 inches long weighs 15 oz. Where 
must the fulcrum be placed in order that the lever may be in 
equilibrium when a weight of 16 oz. is hung at one end, and a 
weight of 9 oz. at the other ? — Ans. 8^ in. from the 16 oz. 

41. What is the pressure on the fulcrum when the lever is in 
equilibrium F^Ans, 40 lbs. 
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42. Draw a fonr-sided figure with unequal sides, and describe 
(1) a geometrical, and (2) an experimental method of finding its 
C. G. (S 67.) 

43. A piece of uniform paper in the form of a regular hexagon 
has one of the equilateral triangles obtained by joining the centre 
to two consecutive angular points cut out. Determine the position 
of the G. G. of the remainder of the paper. ^ (§ 68.) 

44. A heavy particle is dropped from a given point, and after 
it has &llen for one second another particle is dropped from the 
same point. What is the distance between the two particles 
when the first has been moving during five seconds ? — Ans. 144 ft. 

45. A balloon has been ascending vertically at a unifom rate 
for 4*5 seconds, and a stone let fall from it reaches the ground in 

7 seconds ; find the velocity of the balloon, and the height from 
which the stone is let fall. — Ans. If S == the height, and Y the 
velocity, then S — V x 4*5 ; also, S = J gf 7* ; hence, V = 5*4 

X g, and S = 24*5 g, 

46. In a system of one fixed and four movable pulleys, in 
which one end of each string is fixed to a beam, find the relation 
between the power and the weight (neglecting the weight of the 
pulleys) when one of the strings is nailed to the pulley round 
which it passes. 

What is the force exerted on the beam to which the strings 
are attached P — Ans, When the string is nailed to one pulley, 
that pulley becomes nothing more than a link, and the system, 
when used for raising the weight, is reduced to three movable 
pulleys, hence P = J W. 

47. Two uniform cylinders of the same material, one of them 

8 in. long and 2 in. in diameter, the other 6 in. long and 3 in. in 
diameter, are joined together, end to end, so that their axes are 
in the same straight line ; find the centre of gravity of the com- 
bination. — Ans. 5ff in. from the base of the shorter. 

48. If two forces acting on a point are represented in magni- 
tude and direction by two sides of a triangle, under what circum- 

'stances will the third side correctly represent their resultant ? 
Forces of 20 and 10 act along the sides A B and B C respectively 
of anequilateral triangle ; find \ii© 'maugm^^oAib ^1 HSassct x^ssoii^ws^'. 
(f 2S.) 
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1870.— Januaet. 

1. Sbow ]iow to find the resultant of three givon forces acting 
on a point ; and prove that, to prodnce eqnilibrinm, their direc- 
tions mnst be in the same plane. 

2. Find the ratio of the power to the weight for equilibrium on 
a bent lever of the first kind, when the forces act at right angles 
to the arms. Supposing the arms make an angle of 120° with 
each other, and have the relative lengths of 1 and 5 ; find the 
magnitude and point of application of the resultant of the power 
and weight when the lever is in equilibrium. 

3. Two heavy particles, weighing respectively 8 and 5 ounces, 
are attached to the ends of a straight rod 8 inches long weighing 
2 ounces ; find the centre of gravity of the system. — Ans, 4*8 
inches from the smaller weight. 

4. A body of given mass is acted upon by a constant force ; 
find the space described in a given time. 

If a particle move from rest through 40*5 feet in 4^ seconds 
under the action of a constant force, find the acceleration. — 
Ans, 4 ft. 



1870.— June, 

1. What is meant by the moment of a force about a given 
point ? How is its magnitude determined P 

If several forces, which do not balance, act in the same plane 
upon dififerent points of a solid body one point of which is fixed, 
what condition must be falfilled in order that the body may be in 
equilibrium P Show that this condition cannot be fulfilled unless 
the fixed point is in the plane of the forces. 

2. What condition must be fdlfiUed in order that a body may 
be in equilibrium upon a hard, sndooth, plane surfeuie P 

A weight reals uj^n a smooth horizontal plane, and is acted on 
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by a force, equal to tlie weight of 6 lbs., in a direction inclined 
obliquely downwards at an angle of 80^ to the horizon. Find the 
magnitude of the horizontal force required to produce motion. 

8. Find the relation between the power and the weight in the 
Third System of Pulleys (in which each string is attached to the 
weight), when tho weights of the pulleys are disregarded. Also, 
show what the relation would be if th? weights of the pulleys were 
taken into accoxmt. 

4. What is meant by the " acceleration" due to a force ; and 
upon what does its magnitude depend ? If the velocity of a body 
increase from 12 to 13 feet per second while it moves over a 
distance of 5 feet, what is the acceleration ? Indicate the course 
of the reasoning upon which your calculation is based. — Ans, 
2-5 ft. 
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1871. 

1. Silow that as the angle between two forces is increased, 
their resultant is diminished. 

Two forces of the magnitudes 5 and 11 act at angles of 60°, 
90^, and 120° respectively : compare their resultants in the three 
cases.— ^ns. V 201 : V ^46 : V 91- 

2. A weight of 56 lbs. is attached to a straight lever without 
weight, at a distance of 3 inches from the fulcrum, and is 
balanced in one case by a power of 6 lbs., and in another case by 
a power of 16 lbs. : find in each case the pressure on the fulcrum, 
and also the distance between the {Joints of application of the 
power and weight, when they are applied — 

(a) on the same side as the fulcrum, 

(b) on the opposite sides of the fulcrum. 

Show how the answer to each part of the question would be 
affected if the lever weighed 9 lbs., and its centre of gravity were 
at the fulcrum. 

3. Four heavy particles, of the relative weights 2, 3, 4 and 5, 
are placed at the comers A, B, C and D respectively, of a hori- 
zontal square board: find the common centre of gravity. Would 
its position change if the board were inclined ? 

4. If a heavy body is thrown vertically up to a given height, 
and then falls back to the earth, show that, neglecting the resis- 
tance of the air, it passes each point of its path with the same 
velocity when rising and when falling. 

A ball is allowed to fell to the ground from a certain height, 
and at the same instant another ball is thrown upwards with 
just sufficient velocity to carry it to the height from which the 
first one falls : show when and where the two balls will pass each 

other. 

5. A mass originally at rest is acted on by a force which in 
1-3 68th of a second gives to it a velocity of 5^ inches per second : 
show what proportion the force bears to the weight of the mass. 

P _ 161 _ 
— Ans, AccelcFation = 161 ft. . • . ^ — — 5. 
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I.— INTEODUCTIOK 

1. All matter with which we are acquainted 
presents itself in ono of two forms, cither solid^ as 
iron, wood, stone, ov fluids as air, water, oil. 

When a knifo is nsed to separate into parts a 
block of wood, however sharp the knife may be, it 
will not enter the block nnless a certain pressure be 
applied to it ; but if a very thin plate of metal be 
placed in air or water, very little resistance will be 
experienced to its motion in the direction of its 
plane. This difference distinguishes the two classes 
of bodies. The particles of a solid body cohere, so 
that a force is necessary to separate them ; the par- 
ticles of a fluid may be separated by the slightest 
possible force. Hence a fluid differs from a solid by 
the absence of cohesion and friction. Although 
there is no fluid in nature between the particles of 
which there is an absolute absence of friction, never- 
theless those substances which we shall consider as 
fluid fulfil this condition so nearly, as to make the 
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conclusions fonnaod on it practically correct. Hence 
we shall define q> fluid as a collection of material par- 
ticles wliich move freely amongst themselves, and conse* 
quently can he displaced hy the slightest force, 

2. There are two classes of fluids —gases and 
liquids. The particles of the former not only yield 
to the smallest pressure, but have a repulsive force 
among themselves. There is no such repulsive force 
between the particles of a liquid. A cubic foot 
of any gas may readily be compressed into half a 
foot, double the pressure will reduce it to a quarter 
of a foot, and when the pressure is removed the gas 
returns to its original bulk ; but no ordinary pressure 
produces any sensible compression on water or any 
other liquid. Hence gases have been denominated 
elastic fluids, and liquids non^elastie. 

8, The perfect mobility of the particles of a fluid 
leads to special conditions of equilibrium. Tho 
science which treats of these conditions is termed 
Hydrostatics. 

4. We have said that liquids cannot be com* 
pressed by any ordinary force ; and this is so for 
true, that both in the theory of hydrostatics and in 
practice, they are assumed to be perfectly incom- 
pressible. But under great pressure liquids ai-e 
slightly compressible. By sinkiog a vessel filled 
with fluid in the ocean to the depth of 2000 metres, 
where every square centimetre supports a weight of 
200 kilogrammes, and every square inch nearly 
3000 lbs., it is found that tho volume of water is 
diminished one-twentieth. 

5, If tho pressure of tho atmosphere be removed 
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from a given volume of water, its bulk increases by 
•00005 of this volume. The increase in the case of 
mercury would be nearly '000005 of its original bulk. 



II.— THE TRANSMISSION OF PRESSURE. 

6. In mechanics we have considered the action 
of forces on rigid or solid bodies. We have found, 
for example, that when two parallel forces arc 
applied at the ends of a lever, there will be equili- 
brium if one particular point in the lever bo fixed. 
This is a property of solid bodies. When, however, 
the forces act on fluids, the result is different. Each 
point in the fluid must be directly sustained. 

Let us imagine a straight tube fall of water, with 
a piston fitting one end. If a pressure of 1 lb. be 
exerted on the piston, the water will escape from the 
other end of the tube ; to prevent this, a pressure of 
1 lb. must bo exerted in the opposite direction by 
means of an air-tight piston like the first. There is 
here nothing new : if instead of pistons and fluid we 
had a rigid rod of wood or metal, the same relation 
between the forces would produce equilibrium. But 
let us bend the tube in any way we please (Fig. 1), 
and the two equal pistons, a and b, placed at the two 
ends, will be in equilibrium if acted on perpendicu- 
larly to their surfaces by equal forces. It is not 
necessary that the forces should here be directly 
opposite. The pressure exerted by the -QistoTx fe^ ^ 
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transmitted through the windings of the tube, and 
acts perpendicularly to the surface of the piston b, 
even when the direction is entirely different from 




Fig. 1. 

that of A. It is to this pressure at b that the force 
applied must be equal and opposite. 

7. It must be remembered that we are speaking 
of the equilibrium of the fluid in the tube, and not 
of the tube itself. We suppose the tube to be fixed 
firmly on its support. The equilibrium of the solid 
tube and the equilibrium of the fluid arc distinct 
things, and must be considered separately. 

8. Take a closed vessel of water, and make in it 
an aperture b (Fig. 2), into which a piston with a 
surface of one square inch may be fitted, and exert a 
pressure of 1 lb. on this piston. We may imagine 
that a tube passes perpendicularly from the aperture 
B, traversing the mass of the liquid, and meeting tho 
surface of the vessel again perpendicularly at a point 
A. Since there is equilibrium the fluid surrounding 
the portion A b must exert everywhere a pressure 
upon this portion equal to that which would be 
exerted by the surface marked oE if it were that of 
a rigid tube. Hence, the pressure at B will be trans- 
mitted to A, and, in order that it may be in 
equilibrium, a force of 1 lb. must be applied ex- 
tcmaJlj-, 
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As we may repeat the BBme hypothesis for eooh 
point in the surface of the resael, we conclade that 
tho pressure exerted on b is transmitted by the 
liquid equally in every direction,'so that every sqaoro 




Fig. 3. 



Pig. 3. 



inch of sariace is acted on by a normal pressnre of 
lib. 

9. Imagine a enrface p g (Fig. 3), within tho 
liqnid, and suppose a tnbe constructed from b to 
a point A in the surface, so as to cover at that point 
an area, m n, equal to one square inch ; the surface 
m n vrill sustain a pressure of 1 lb. Moreover, sinco 
the mass of the liqnid itself is in eqnihbriani, it 
follows that fli n must also sustain a pressnre of 
1 lb. in the opposite direction. This important 
principle of fiaids may be enunciated tbuB : A pressure 
exerted at any point whatever in a fluid in equilibrium 
is transmitted undiminislied to esery point in the fluid. 

10. If there are two pistons, b and C, each eqnal 
to A, then when a pressure of I lb. is applied at a, 
a pressure of I lb. mast also be applied at b and c. 
Sopposo the pistons nnited so that they present tho 
Bamo area to the fluid, they will Boataln. ^b» wxsss 
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preBflnre — that is to Bay, twice tba prKsnre on A. 
A piston Iiaymg three times the area of a will Gnstaia 
thrice the pressnre, ajid generally the pressures sus- 
tained are proportional to the areoa. 

H, Suppose, for eaaniplo, that the pistons ora 
fitted to two tabes connected by a space filled with 
water (Fig. 4). Let the area of the smaller piston 
be one Eqnare unit, and that of 
the larger ten square units. Wh ca 
the smaller piston 13 pressed in 
with a force of 1 lb., it will be 
necessary to exert a pressure on 
the larger of 10 lbs., in order to 
prevent it from being moved. 
If a and h be the areas, tho 
prcssuro on the first is to tho 
Pig. 4. pressure on the second as a : l>. 

If the radins diameter or cir- 
cumference of one piston be n times the corres- 
ponding line of the other, the area of the first will bo 
M* times the second, and the pressure on tho first 
will thereforo bo n^ times that on the second.* 

Example. — If tho circumference of the smaller fao 
2 in., and that of the larger 15 in., the pressnre j) on 
the former is to the pressure P on the latter as 
2^ : 15^. Let tho pressnre on the former be I lb., 
then that on the latter is IS^ -f 2^, or 56-2R lbs. 

12. The principle of virtual velocities applies to 
this aa to every other mechanical power. Suppose, 

* It laaat be Temembored tliat ibo ratio of the arena is nhat is 
liars vantod, tlio arsa of a circle is the aquue of Uio radius 
maliiplicd bj n (or Bpproxiiiutel j, b? ^?)' 
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fen- example, the Email piston to doscend n in., tbo 
amonnt of wat:«r driTen ont of tho smaller cylinder 



, the amount ( 



If the 
wat«r 



into tho larger will bo 
larger piston ascend m 
forced into it will be 6 x m; hence 

II X n ^ b X m 
bnt b X p ^ o X P 

heaoo p x n = I* x m 

The principle explained above is applied 
Cromah or Hydranlio Press. 



Tho Bramab Press. 
IC. Description of ilw Press, — The Tvhole instm- 
nicnt is represented in Fig. b, and a section of it ia 




Fig. 6. a and J are two pistons working through, 
air-tight collars in strong cylinders filled with water, 
and connected by n tube c o, Tho aouUI ^^3jusa.(t■^^ 



HIE BBAUATI FREES. 



workotl hj a lover repreflented on tho right of iho 
upper figare, and the larger piston h is attached to 
a moTEbble platfonn, on irhicli the sabetasoo to ba 




Fis- 0. 



pressed is placed. At ft and r aro valves opening 
upwards. The tube d passes into a cistern of 
water. 

Actum of the Frett. — Suppose the cylinder filled 
with water, and a in its lowest position; on ruaing 
a, the atmospberio preasare forces water from the 
reservoir through d, and when a is aft«rwarda 
forced down, the valve p closes, the valve r is 
opened, a portion of the water is driven along c, 
and the cylinder h is made to ascend. By repeating 
this process any required compression of the sab- 
siaace bottreea the platforms may bo produced. At 
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f there is a plag* whicli can be unscrewed when the 
compression is completed. 

14. The press is named from Mr. Bramah, who 
invented the simple and heantiful contrivance repre- 
sented at mm in Fig. 6, for preventing the escape 
of the water from the cylinder. The ring or collar 
m is lined with leather, which is allowed to hang 
down like a flap in the cylinder. When water is 
forced upwards between the piston and the cylinder, 
it fills the fold of leather, and causes the edge to 
embrace the piston, so that the liquid cannot force 
its way higher than m. The greater the pressure, 
the more tightly will the flap close round the piston. 

The relation hetiveen tlve power eoaerted on tJie press 
and tJie force at the end of the lever, 

15. Let the diameter of the piston in the pump bo 
1*5 centimetres, and the diameter of the piston of the 
press 20 centimetres. Let the force be 18 kilogs., 
applied at 86 centimetres from the fulcrum, and let 
the piston of the pump be 6 centimetres from the 
fulcrum. 

Force at a distance of 36 cents, from fulcrum = 18 
» ,1 6 „ „ =108 

/. Pressure on area (1'5)-=108 

108 
2-25' 
„ 203 =48 X 400 = 19,200 kUogs. 

16. In the same way we may And the relation for 
any dimensions. 

Let m and n be the arms of the lover, f the force 
acting on the lever, p the pressure exerted b^ th.<^ 



1 =;r^=48 
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piston of the pump, a and h the areas of the pistotis. 
Then, by the principle of the lever, 

" ■ . m 

the pressure on the smaller piston = F. — 

the pressure on one unit of area = P. — 

pressure on 6 units of area = P — 

na 

If R and r ho the radii, ~ ~ — q 

Hence the pressure on 5 = P ^ 

n IT . 

Instead of a pressure'of 1 lb. on the piston (Pig. 4), 
a pound of water in the tube above would produce 
the eame effect. If the vertical tube holding this 
water bo made twice as long, but of half the sectional 
area, the pressure on a unit of area will be doubled, 
while the same amount of fluid only will be used. 
By continually repeating this process, the small 
quantity of fluid may be made to support a very 
great weight. This principle, stated as follows, is 
sometimes termed the Hydrostatic Paradox: — Any 
quantity oj fluids however small^ may he made to 
support any weight, however large. 



EXEBCISES ON TEE PkOPERTIES OP FLUIDS. 

1. Wliy does a liquid readily change its form when its position 
is changed ? 

2. What properties of liquids arc not possessed by solids P 

8. If a solid be placed inside a sphere, and a pressure be exerted 
apon tho solid by a piston, how \vill the pressure be transmitted P 
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4. If the epliere bo filled with a liqnid, and pressure bo 
exerted by means of the piston, how will the pressure act on tbo 
sphere? 

5. If a vessel full of liquid be provided with two pistons, one of 
which is 20 square centimetres in ai'ea, .and the other 100 square 
centimetres, and a pressure of 3 kilogs. be applied to the former, 
what pressure will be exerted on the latter ? 

Pressure on 20 square c. = 3 kilogs. 

„ on 1 square c. = jjv 

3 X 100 -- 
., on 100 square o. = — Kq — ~ *^* 

C. If one piston bo 10 centimetres in circumference, and the 
other 80, what must be the pressure applied to the smaller that the 
larger may support 1000 kilogs, ? 

Pressure on area of SO' = 1000 

1 _ 1000 



S9 99 



6400 
,.„ 1000 _,., 

10- = TTjTJ^r = lo} 



1000 X 100 _,., 
" ^" " 6400 



7. If the area of the smaller piston bo 13, and that of the larger 
SCO, what pressure will the larger sustain when 5 kilogs. is appHed 
to the smaller ? 

8. The diameter of tho smaller piston being 3, and that of tho 
larger 18, what pressure on tho smaller will produce a pressure of 
900 lbs. on tlie larger ?-^Ans, 25 lbs. 

9. Tho circumferences of the pistons are as 4 to 55, and tho 
pressure on tho smaller 400 grammes, find that on the larger,— 
^715. 75,G25 grammes. 

10. In descending 20 centimetres, the smaller piston raises a 
weight of 800 lbs. through a height of '5 centimetre. What pres- 
sure is applied ? — Ans. 20 lbs. 

11. Two vertical tubes a and B are connected by a horizontal 
tube ; A is short, and is provided with a piston ; B is long, and has 
no piston. The diameter of a is 50 times that of B, what height 
of water in B will support 1000 kilogs. in the piston in a (a depth 
of a centimeter produces a pressure of one gramme on a square 
centimetre) f—Ans, 4 metres. 

12. The pressure on a plane area in the form of a square, tho 
cide of which is a yard, is known to be uniform, andt^ bov ^^^ns^ 
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to 2700 lbs. ; find the pressoie at a point when the nnit of length is 
a eq. in. — Ans. 2ih lbs. 

13. The pressure at any point in a rectangular sor&oe 1'5 
metres long and 1*2 metres broad, is 100 gianmies, a centunetre 
being the nnit of length. Find the pressure on the whole surface. 
-^Ans, 1800 kilogs. 

14. If the diameter of the pump of a Bramah press be 3 centi- 
metres, and that of the press 120 centimetres, what force will 1 
Idlog' applied to the pump produce on the press ?—il7i5. ICOO 
kilogs. 

15. If a power of 100 kilogs. be applied to a lover at 30 centi- 
metres from the fulcrum, the piston of the pump being attached 
6 centimetres from the fulcrum, what will be the force acting on 
the press in the lost question ?— iins. 800,000 kilogs. 



in,— PRESSUEE OP A FLUID ABISING FKOM ITS 

WEIGHT. 

17. Liquids have weight like solids; but tho 
particles of a liquid glide over each other without 
friction. Ilenco, when a liquid is contained in a 

vessel, it is always found that 
tho surface is in a horizontal 
plane. When the fluid is at 
rest, we see that this must bo 
the case. K part of the fluid 
surface were inclined (Fig. 7)-, 
we should have particles acted 
on only by their weight at rest, on an inclined plane 
ireefrom friction, which cannot be. 




Fig. 7. 
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18. When the liquid is oontaiuDd in Beverol 
Tesaels comnmnioating with each other, it is still 
fonnd that the Bor&ces in the different veasela all 
lie in the same horizontal plane. Thus, if tabes of 
Tarioas shapes he connected aa in the figare {Fig, 8), 
the water rises in all to the samo lovel. This fact is 
frequently expressed by saying that liquids maintain 




Pig. 8. 

their level. If a small Tertical tnbo t commoni- 
cating with the vessels terminate below the level of 
the sarface, and be pierced with a small hole at the 
top, a jot of water rises from the orifice to the level 
of the sarface. The force with which the water 
loavos the apertnre is proportional to the depth of 
the apertnre below tho sor&ce. 

19. This principle is applied in many ways. 
Water ia diatribatod oyer a city by subtertaofieo. 
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pipes issuing from a large reservoir sitnuted on an 
adjacent elevation. These pipes are terminated by 
etop>cocks, which are below the sarfaco of the reser- 
voir, so that when they are turned on the water 
escapes. 

20. The law according to which the presanre 
produced by the weight of a fiuid is transmitted in 
every direction frequently makes the effect of this 
weight very diSereut from that of a sohd. Suppose, 
for example, that a cylinder of ice ia placed in a 
vessel of the same ehapo, the weight of the ice will 
exert i pressure on the base, but none on the sides 
of tho vessel. Tho sides may 
ho removed, whilo the mass 
within retains tho same posi- 
tion. When, however the ico 
is melted, there is not only a 
pressure on tho base equal to 
the weight, but also a pres- 
Guro on (he sides. If a holo 
be made in tho vessel, tho 
liquid will flow out, and tho 
force with which it escapes 
will be proportional to the 
depth of the hole. 

This variation in the pres 
Buro may bo illustrated by 
the following experiment. 
l^.Q. 21. Take a hollow cylin- 

der or tube of glass, one end 
of which may bo closed by a disc of metal supported 
i>^ a thread (Fig. 9), Apply tho disc to the tube. 
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and plunge the closed end in a vessel of water. At 
a certain depth, depending on the weight of the disc, 
the thread may be dropped, and the disc supported 
by the fluid pressure only. If the cylinder bo 
moved horizontally, no change takes place. This 
result illustrates the fact that the pressure at points 
in tho same horizontal plane are equal. If a heavier 
disc be taken, it must be plunged to a greater depth 
before it will be supported, and it will be found that 
the weight supported is proportional to tho depth. 
Suppose, now, we tako a very thin disc, make tho 
cylinder descend to a certain depth, then pour water 
gently into the tube, wc shall find that when the water 
in tho tube reaches the level of that outside, the diso 
will bo detached; being equally pressed on both 
sides, it falls by virtue of its weight. Henco tho 
upward pressure on the disc is tho weight of tho 
liquid which would fill tho cylinder to the level of 
the surrounding fluid. 

22. Suppose tho area of the disc and cylinder to 
bo 40 square centimetres. The weight of a cubic 
centimetre is 1 gramme, and, with a base of 40 square 
centimetres, and height 1 centimetre, we get 40 
cubic centimetres. Hence, at a depth of 1 centi- 
metre, a disc weighing 40 grammes will be supported. 
At a depth of 2 centimetres the pressure of the fluid 
will be twice 40 grammes, and so on. Thus, for 
every square centimetre of area in tho section of the 
cylinder there will be a pressure of as many grammes 
as there are centimetres in the depth of the diso 
below tho surface. 

23. TLo principle that the preaaur^ da^^xs.^^ ^-^ 
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the depth, and not on the qTiantity of fluid, may bo 
farther illustrated by tho following series of experi- 
ments. Take a balance hBTiog a circular diso of 
metal attached by a fine wire (Fig. 10) to one end 
of the beam, just heavy enongh to balance the scale 
at tho other. Take a cylindrical ressel open at both 




Fig. W. 

ends, and place it with axis vertical on a tripod, so that 
the wire sapporting the disc passes along the axis of 
the cylinder. Let the diso and cylinder bo properly 
ground, so that when pressed together they form a 
veaael which will bold water. Place a certain weight, 
a ponnd, for example, in the scale ; the diso wilt now 
be pressed against tho cylinder, and, if water be 
poared genOj into the cylinder, the diao will remain 
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in contact until the water rises to a certain height. 
If more water bo added, the pressure will overcome 
the weight in the scale, and will force open tho 
bottom. On a rod attached to the stand mark the 
height of the water when the highest level is reached. 
It will be foond that exactly one pound of water will 
bo supported. Pour the water out of the cylinder 
into the scale, taking away the 1 lb. weight, replace 
the cylinder, and fill it again gently up to the 
height 7i; the water in the scale will be just 
sufficient to keep the disc in contact with the 
cylinder. We see, therefore, that the pressure on 
the disc is equal to the weight of the column of 
water above it. 

Repeat the experiment with vessels B and c (Fig. 
10) of difierent shapes, having the area of the base the 
same. Water must be poured to the same height as 
before, in order that the pressure on the disc may be 
1 lb. We shall find, however, that with vessel 
B there is more than 1 lb. of water, and with vessel 
G less than 1 lb. Thus the pressure on a plane 
does not depend on the amount of water used ; it 
depends on the size of the plane and its depth below 
the surface. In all the cases the pressure is equal 
to the weight of a column of fluid having the plane 
for base and the depth of the plane for height. Only 
in the caso of the cylinder is this the same as tho 
weight of the water used. Thus we see that the 
pressure on the horizontal base of any vessel is the 
weight of tho fluid which a vessel having the same 
base and vertical sides would contaiuy when filled to 
the same IcvcL 
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Example. — What is the pressure on the base of a 
cone wbich has the vertex upwards and is filled with 
water to the depth of 18 centimetres, the radius of 

the base being 14 centimetres ? 

22 
The area of the base is 14^ x a- or ^ of 14^ = 

616 square centimetres. 

The volume of fluid which would be contained in 
a cylinder on the same base, and having the height of 
the water in the cone = 616 x 18 = 11,088 cubic 
centimetres. Hence the pressure is 11,088 grammes. 

The Pressure on the Sides of a Vessel. 

24. The pressure on the sides of a vessel will not 
bo uniform, but will be less near the top and greater 
near the bottom. Let us consider a vessel, the sides 
of which are rectangles. The pressure increases with 
the depth, and the mean pressure is that at half the 
depth. Hence the pressure on the rectangle would 
be equal to the weight of water above the rectangle, 
placed horizontally in a liquid at a depth equal to the 
depth of its middle point. 

Example. — ^The rectangular side of a vessel is 50 
centimetres long, and the water in contact with it is 
20 cenUmetres deep. Find the pressure on the side. 

The area equals 50 x 20 = 1000 square centi- 
metres. The depth of the middle point is 10 C. 
Hence the pressure is equal to the weight of 
1000 X 10, or 10,000 cubic centimetres of water; 
that is, 10,000 grammes. 

25. If the surface be not a rectangle, the mean 
pressure will be that at the centre of gravity of tho 
enrfaco. Hence, if wo suppose the side spread out 
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horizontally, and a column of the fluid resting on it 
to a height equal to the depth of the centre of gravity 
of the side, the weight of this column will bo equal to 
the pressure on the side. 

Example, — ^Find the pressure on a triangle whoso 
base is 12, height 10, and centre of gravity at a 

depth of 30 centimetres. 

1 
Area = g x 12 x 10 = 60. 

Pressure at depth of 1 cent. = 60 grammes. 

„ 30 „ =1800 „ 

26. When embankments are made to streams or 
reservoirs they must increase in breadth and strength 
with the depth. The breadth of water makes no 
difference in the pressure when the water stands at 
the same level on both sides. The pressure on a 
dock-gate is the same on the inside, where the water 
is only a few yards across,, as on the outside which 
faces the ocean. 

27. The line of action of the resultant pressure 
on a surface will intersect the surface in a certain 
point, termed the centre of pressure. Suppose it is 
required to place a prop against the vertical side of 
a cistern, so as to give it additional support, at what 
height must the prop be applied? If the pressure 
on the rectangle forming the side were uniform, then 
the required point would be the centre, but the 
pressure varies as the depth, and is, therefore, greater 
on the lower half than on the upper, so that the prop 
must be applied at some point below the centre. To 
find the exact position of this point is to And the 
centre of pressure of the rectaugle. 
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28. The centre of pressure p of a rectangle hav- 
ing its npper side in the surface of a fluid, is found 
to be in the line joining the middle points of its 
horizontal sides, at one-third from the base. Thus, 
if one side of the rectangle be under the action of the 
fluid pressure, and the other side be acted on only by 
a single force equal to the fluid pressure at the point 
p, the rectangle will remain at rest. 

This is an important principle which has to be 
borne in mind in placing the hinges and supports ot 
6uch surfaces as lock-gates. 

Note. — In the following Exercises it is frequently 
necessary to connect tmits of volume with units of 
weight. 

In the metric system, the principal unit of length 
is the metre. The unit, however, which is most fre- 
quently used in considering fluid pressures is the 
hundredth part of the metre, or the centimetre. The 
exact weight of a cubic centimetre of pure water at a 
certain definite temperature (4") is one gramme. 
When we speak of the weight of a certain bulk of 
water, we shall always suppose tho water to be pure, 
and to have a temperature of 4% A kilogramme is 
1000 grammes. 

When English units are used, we cannot express 
exactly the relation between the volume of a cubio 
unit of water and its weight. 

A cubic foot of water weighs nearly 1000 ounces. 

1000 
A cubic inch „ ,9 — — ounces. 

17 Jo 
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ExE&asES. 

1. Find ihe pressure at the depth of 80 metres in a lake.—^ns, 
3^000 grammes on a sqnare centimetre. 

2. Find the pressure on a square inch at a depth of COO feet in a 
lake, the weight of a cubic foot being 1000 ozs. — Ans. 41661 ozs. 

8. In the experiment illustrated in Fig. 9. if the section of the 
cylinder be 86 square centimetres in area^ and the weight of the 
disc 1080 granunesj to what deptJi must it be sunk before the 
thread may be dropped?— ilns. 80. 

4. Find the pressure on a surface, 18 units by 15) at a depth 
of 20, the weight of a cubic unit of water being 10 lbs.— J.ns. 
C4,000 lbs. 

5. Two cubical vessels, the edges of which are as two to one, aro 
filled with water, compare the pressure on the bases.-^iins. 8 to !• 

C. A cubic inch of mercury weighs 8 ozs., what will be the 
pressure on the bottom of a vessel, the area of which is a square 
foot, the depth below the surface being 5 inches ?— ^ns. 860 lbs. 

7. A plate of metal is held at the end of a hollow glass cylinder 
C centimetres in diameter, while the cylinder is immersed verti- 
cally. It is found that the plate is just supported at a depth of 85 
centimetres; find the .weight of the plate in grammes.«»^ns. 990 
grammes. 

8. If two vessels have equal bases and the same depth, but one 
widens upwards to the mouth, and the other diminishes upwards 
to the mouth, on which is the pressure on the base the greater ? 

9. What will be the pressure on a rectangle 11 by CO inches, 
immersed so that a diagonal is vertical in a fliud a cubic inch of 
which weighs 1| oz. ? — Ans. 80,195 ozs. 

10. What will bo the pressure on a vertical triangle immersed 
in water with the base in the surface, the base being 50 centi- 
metres, and height 30 f^^Ans, 7500 grammes. 

11. The upper surface of a vessel filled with water is a square 
whose side is 8 metres, and a pipe communicating with the interior 
is filled with water to a height of 2 metres above the surface ; find 
the weight which must be placed on the lid of the vessel to prevent 
the water firom escaping.— ilns. 128,000 kilogs. 

12. A house is supplied with water from a reservoir, 241 feet 
above the ground floor, by means of a pipe laid underground, what 
will bo the pressure per square inch on a tap 25 feet Q}y^'<(^^3^ 
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ground floor, supposing a cubic foot of water to weigh 1000 ozs. ?— 
Ans. 1500 ozs. 

18. A vessel is filled with water, how will the pressure on the 
base be affected if a piece of xnetol be dipped into the water ? 

14. If the vessel be not full, how will the pressure on the base 
oe alTccted by dipping a piece of iron into the water ? 



IV.-THE PBESSURB ON A SOLID IMMERSED IN 

A LIQUID. 

29. When bodies are placed in a fluid, it is a 
matter of common observation that they will sink or 
float, according as they are, bulk for bulk, heavier or 
lighter than the fluid. Even when a body sinks, it 
appears to be of less weight in water than in air. 

For example, it is easy for a person to raise a 
mass of stone under water which he is unable to lift 
above the surface. 

The pressures exerted by the fluid on the surface 
of the body have a resultant which acts in a direction 
opposite to that of the weight of the body. If the 
weight of the body exceed the fluid pressure, tho 
body sinks; if tho press are be greater than the 
weight, tho body ascends ; when the weight and the 
pressure are equal, the body rests. These different 
conditions may be made to succeed each other at 
pleasure, with the toy represented in Fig. 11. A 
hollow globe of glass, containing air and water, floats 
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on tho enrface of the water in a glass cylinder, over 
the top of which is etrotched an clastic cover, la 
the lower part of the globe there 
is a very small hole, by which water 
can enter or escape. If the hand 
be placed on the clastic top, the air 
in the cylinder is compressed, and 
its pressure on the sarface of tho 
water is increased. This augmented 
pressnre ia transmitted throngh the 
water to tho air in the globe, which 
is condensed. Tho conseqnence is 
that a small quantity of water enters 
the gbbe, increases its weight, and 
causes it to sink. When tho pres- 
sure is removed, the bulb rises agEun. 
may be so regnlated that the bulb shall rest sus- 
pended in any part of the water. 

30. The law according to which a flnid exerts a 
a body iramersed is as follows : — 



When a solid is immersed in a liquid, ilie resultant 
pressure en it ia the weight of its own bulk of liquid. 

Let A be a solid immersed in water (Fig. 12). 
Imagine the space A filled with water, and then 

suppose the mass A to become eolid ; ■ 

it will remain suspended like any GJ^ 

other part of the fluid. Since its t 

weight acts downwards, it is evident Pis- ^3. 

that there is an eciual force acting upwards, connteiv 
acting the weight. This force is tie resultant of all 
the fluid pressures, acting in all directions, upward, 
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downward, and laterally. Some of these pressures 
neutralize others ; bat there must remain a balance 
of upward pressure, since the under surface is at a 
greater depth than the upper, and it is this resultant 
pressure which counteracts the weight of the imagined 
isolated mass. Therefore the upward pressure on A 
is equal to the weight of a. Since two forces in 
equilibrium must act in the same straight line, the 
resultant must pass through the centre of gravity, ^, 
of the mass. 

If we imagine the ice to have become stone with- 
out altering its bulk or its surface, the pressure 
acting upon it will still be the same, namely, the 
weight of the same bulk of water as would exactly 
fill the space occupied by the stone. Thus the weight 
of the body is diminished by the weight of the water 
displaced* 



v.— SPECIFIC GRAVITY. 

31. Equal bulks of different substances have dif- 
ferent weights. If equal volumes be taken, lead is 
heavier than iron, iron is heavier than water. 

It is a problem of great practical importance to 
determine the relation between the weights of dif- 
ferent substances. For this purpose all substances 
are compared with water, and the relative weight of 
any substance is expressed by the number of times 
tbo weight of the given body contains the weight of 
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an eqnal bulk of water* This nninber of times is 
called the specific gravity of tlie body. 

82. The measure oftlie specifio gravity of a locly is 
iJie ratio of the weight of any volume of the tody to tJie 
weight of tlve same volume of a certain standard 
substance. 

Water by its universal distribution and tbe ease 
with which any required volume is obtained and 
purified, is best adapted for the standard substance. 

Hence if a bo the specific gravity of a body, the 
weight of the body over the weight of an equal bulk 
of water =5. 

Let V be the volume of the body, and let to toe 
the weight of a unit of water, then the weight of tho 
same bulk of water =t(;V, thus :— 

W 

"Y = « or W = ta V^ 

If the unit of volume be a cubic centimetre of 
distilled water at ^ «(;=one gramme; if the unit 
of volume be a cubic foot to=1000 ozs. nearly. 

Thus, if we know the specific graviiy of a body 
we can find the weight of any volume. 

Example 1. — ^What is the weight of 48 cubic 
inches of copper the specific gravity of which is 8'82. 

Weight of 48 cubic inches of water=^i^il522 

1728 

Hence, weight of 48 cubic inches of substance; 

whoso specific gravity is 8*82 

48xl000x8'82_o.-^^„ 

= — - =^4id ozs. 

1728 
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JPxample 2. — ^What is the weight of 250 cnbic 

centimetres of mercurj, the relative weight being 

13-596 ? 

1 cubic centimetre of water weighs 1 gramme, 

1 cubic centimetre of a substance of specific gravity 

13*596 weighs . . . 13*596 grammes, 

250 cubic centimetres weigh 250 x 13*596 grammes. 

Or 3399 grammes. 

Hxample 3. — ^What volume of lead of specific 
gravity 11*4 will weigh 190 grammes ? 

11*4 grammes of lead have the same bulk as 
1 gramme of water. 

Hence 11*4 grammes of lead measure 1 cu. cent. 

1 gramme „ „ jj:j 

190 
100 grammes „ „ ^j^ 

Or 16-| cubic centimetres. 

Example 4. — A piece of marble of specific gravity 
2*7 weighs half a ton. What is its size ? 
Half a ton= 1 7,920 ozs. 
Volume of 1000 ozs.ofwater= 1 cu. ffc. 
„ loz. „ = -001 „ 

„ half a ton „ =17920 x -001 cu. ffc. 

=17*92 cu. ft. 
Volume of the same\ 17.00 

weight of a substance > = =6*06 cu. ffc. 

whose sp. gr. is 2*7 / ^' 

Uxamph 5. — Find the specific gravity of a 
mixture o£ 1 cubic centimetre of a fluid of specific 
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gravity 1*3, and two cubic centimetres of cpecifia 
gravity 2*2. 

Weight of 1st, 1*3 grammes. 

Weight of 2nd, twice 2*2 or 4-4 

Weight of mixture, 5*7 grammes. 

Volume of mixture =3 cubic centimetres, and 
weight of equal bulk of water =3 grammes. 

6*7 
Hence specific gravity of mixture=-q- =1'9. 

JExamjale 6. — To find the specific gravity of a mix- 
ture of given volumes of any number of given fluids. 

Let Vj Vg Vo etc. bo the volume of the fluids, let 
^1 ^3 ^3 ^® their specific gravities. Then the weight 
of the mixture is w (s{Vi + s^^ + ^3^3 + ^tc.) 

.*. Weight of same volume of water is w 
(Vj+Vg+Vg+etc.), and consequently the specifia 
gravity of the mixture is 

SiYj + gpVg + ggVs + etc. 

Vi -h Vg + V3 +etc. 

Examjple 7. — To find the specific gravity of a. 
mixture where the weight and specific gravity of the 
compounds are known. 

Let Wi W2 % etc., be the weights, let Sj ^2 53 be the- 
specific gravities. 

Wf Wet 

The volumes are — , -% etc. Hence, substituting 



s 



2 



in the last exercise, we have the specific gravity of 

the mixture 

__ tt^i -f- tv^ 4- 10^ + etc. 

*1 *3 ^3 
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EXEBCISES. 

1. A body measuring 18 cubic centimetres floats in water witli 
its wbolo balk immersed ; find its weight. 

2. Define the specific gravity of a body. If 150 cubic centi- 
metres of a body weigh 120 grammes ; find its specific gravity. — 
Ans, 'S, 

8. If 200 cubic centimetres of brass have a specific gravity of 
7*5, find the weight.— ^ns. 1500 grammes. 

4. Having given that 10 cubic feet of stone weighing 24,950 
ozs., have a specific gravity of 2*5, find the weight of a cubic 
foot of water.— ilns. 998 ozs. 

5. What is the weight of 12 cubic inches of mercury, the specific 
gravity of which is 13*5, if a cubic foot of water weighs 1000 ozs. — 
An8» 93*75 ozs* 

6. What volume of zinc, of specific gravity 6*85, will weigh 
109'6 grammes ?— ilns. 16 cubic centimetres. 

7* What is the size of a block of stone, the weight of which is 
1 cwt., and specific gravity 2*4?— -4ns. 746 cubic feet. 

8. Three liquids, the specific gravities of which are respectively 
1*2, '96, and 1'456, ore mixed in the proportions of li gals, of the 
first to li gaJs. of the second, and li gals, of the third; find the 
specific gravity of the mixture.— iln«. 1*2. 

9. What will be the weight in water of 100 cubic centi- 
metres of iron, the true weight being 784 grammes.— J n«. 6Si 
grammes. 

10. A cubic centimetre of alcohol weighs *79 grammes, what 
will be the true weight of a body which floats in alcohol with 
1000 cubic centimetres of its volume immersed?— ilns. 790 
grammes. 

11. What is the weight of a cubic centimetre of a body which 
floats in water with one-fifth of its volume above the surfiice ? — 
Ans. *8 grammes. 

12. Find the weight of a cubic foot of mercury, the spedfio 
gravity of which is 13'568> supposing a cubic foot of water to 
weigh 1000 ozs.— -ins. 848 lbs. 

13. If a cubic unit of the standard substance weigh *85, what is 
the weight of 1000 cubic units of substance whose specific gravity 
is3?— ilns. 1050. 

14. The specific gravity of two liqui^^ aro respectively 1'3 and 
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"Sj. a measore of the former is added to three measnrcs of the 
latter; find the specifio gravity of the mixture.— iins. '9625. 

15. Ten cubic centimetres of a substance weighs iV kilogs. ; 
find the specific gravity of the substance. — Ans. 6*25. 

16. Equal volumes of three fluids are mizcd, the specifio gravity 
of the first is 1*55, that of the second is 1*7^} and that of the 
mixture is I'G ; find the specific gravity of tho third.— iln$. 1*5. 



VI.— TO FIND THE SPECIFIO GRAVITY. 

33. — ^To find the relative weight or specific 
gravity of a body, we require to know its weight 
and the weight of an equal bulk of water. We will 
now point out methods of obtaining the weight of 
water equal in bulk to a given body. We have seen 
that when a solid is immersed in a fiuid, it displaces 
its own volume of the fluid. Suppose that we im- 
merse the body gently in a vessel exactly filled with 
water, and weigh the water which overflows, wo 
shall then have the required weight of water. 

34. A more convenient method is afibrded by tho 
principle that the solid, when weighed in a fluid, 
appears to be lighter by tho weight of the fluid dis- 
placed. This law is termed the principle of 
Archimedes. It is said that Hiero, King of Syra« 
cuse, applied to Archimedes for a test to prove 
whether a crown which had been made by his ordece^ 



80 
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was all gold, or whether the goldsmith had dis- 
honestly snhstifcnted a baser metal for a portion of the 
gold. While the philosopher was thinking of the sub- 
ject, he chanced to enter a bath filled with water, and 
noticed that, as he entered, tho liquid flowed over. 




TiS' 13. 



This observation suggested a solution of his problem. 
He took tho crown, and a quantity of pure gold of the 
same weight, and immersed them successively in tho 
same vessel, filled to .the brim with water. As tho 
crown displaced more water than the equal bulk of 
S'oJd, he concluded that it was partly composed of a 
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lighter metal, and the king's stispieions were con- 
firmed. 

35. The principle of Archimedes may be tested 
experimentally thus: — Two cylinders, the first a 
hollow, and ^e second h solid, and of such a size as 
exactly to fill the first, are suspended from the 
scale of a balance and weighed. The cylinder h is 
then suspended from a and allowed to dip into a 
vessel of water. The opposite scale then goes down ; 
but it is found that equilibrium is restored when the 
cylinder a is filled with water. 



A Solid heavier than Water. 

86. Hence, to find the specific gravity of a solid 
heavier than water, and not soluble in it, weigh the 
body in air, then weigh it in water; the specifio 
graviiy 

the true weight 



loss of weight in water. 



Emmple, — A piece of metal weighs 18 kilogs. 
in air, and 15 in water; find its specifio 
gravity. 

The loss of weight in water=18 — 15=3 kilogs. 

18 
Hence the specific gravity =-o =6. 

37. An instrument termed Nicholson's hydro- 
meter maybe employed to compare the weight of 
a body with that of an equal bulk of fluid. 
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It conaista of a bollow oylinclBr c (Fig 14), etip- 
porting a light cap 6 on & tbia Btem above it, and a 
heavy cup h below it. The whole floats in the fluid. 
A certain weight (Bupposa 
10 grammea) is placed ia tho 
opper cnpi and a mark is 
made on the stem, to indicate 
the surface of the liquid. The 
body is then placed in tho 
cnp; tho hydrometer will 
descend, in consequence of 
the additional weight. Sach 
weights oTo then taken off, as 
will cause the instminent to 
rise until the mark made is 
again at the surface. The 
^^ ^ ■ ir.T-, weights taken off will be tho 

^feS- " -.-:2li1_i - weight of the body. For ei- 
I'is. 11- ample, let ns enppoae 7 

grammes removed, then this 
ia the weight of the body. Now remove the body to 
the lower cnp ; the instroment ascends. Place snch 
a weight on it as will bring it to the s^ne level. The 
weight added ia the loss of weight in water. Sup- 
pose 3 grammes added, then the specific gravity 




To Find the Specific Or&vit? of a Soliii Lighter 
than Water. 
39. lit Metfioi. — ^If a wire gauze w be stretched 
over the lower cnp ia Nichokon's hydrometer, so as 
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to prevent a liglit body rising, tlio metliod last de- 
scribed will suit this case also. 

2'tid Metliod. — The specific gravity of a solid 
lighter than water may also bo found by attaching a 
heavier body to it. 

Example, — A block of wood, weighing in air 
8 lbs., is tied to a piece of iron weighing 6 lbs. ; the 
whole weighs in water 4 lbs., and the iron only 
weighs 5 lbs. Find the specific gravity of the wood. 
The weight of water equal in 

bulk to the iron . =6 — 5=1 

The weight of water equal in 

bulk to both iron and wood=(8+6) —4==: 10 
•*. Weight of water equal in 
bulk to the wood . =10 — 1=9. 

Q 

Hence the specific gravity of the wood=j^. And 

in every case the specific gravity of the lighter 

body 

weight of light body 

loss of weight of both— loss of weight of heavy body 

To find the Specific Gravity of a Liquid. 

39. 1st Method. — ^Weigh a flask filled with the 
liquid, then weigh the flask filled with water ; deduct 
■from each result the weight of the flask, then the 
specific gravity of the liquid is its weight, divided by 
the weight of tho water. 

JExample. — A flask, when empty, weighs 2 ozs., 
when filled with alcohol it weighs 6 ozs., and when 
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filled with water it weighs 7 ozs. Find the specific 
^avity of the alcohol. 

The weight of the alcohol is 6 —2=4} ozs. 

The weight of the water is 7 —2=5 ozs. 

.*. The specific gravity of the alcohol=4-T-5='8. 

2nd Method, — ^Weigh a body of known weight in 
the given liquid and in water. 

The weight of the body's bulk of the liquid is tho 
loss of weight in the liquid. 

The weight of the body's bulk of water is the loss 
•of weight in water. 

Hence the specific gravity 

_ the loss of weight in the liquid 

the loss of weight in water. 

JEJxample, — ^A platinum ball, weighing 2 lbs., when 
•4suspended in olive oil, weighs 1'915, and in water 
weighs 1*907. Find the specific gravity of the oil. 
Weight of oil displaced=2~ 1-916= -085 
Weight of water „ =2- 1-907= -093 
.-. Sp. gr. of the oil = •085^-093=-915. 

To find the Specific Gravity of a Gas. 

40. Use a flask with an air-tight stop-cock, ex- 
haust it by means of an air-pump, weigh it first 
empty, then full of the gas under consideration, and, 
finally, full of water. On deducting the first result 
from each of the other two, wo have specific gravity 
of gas 

^ weight of gas contained by the flask 

weight of water contained by the flask. 
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JExample, — ^A flask weigliing 10 grms. when 
empty, weighs 10*6465 grms. -when filled with air, 
and 510 grms. when filled with water. Find the 
relative weight of air. 

The air which fills the flask weighs '6165 gnns. 

And the water 500 grms. 

The relative weight is therefore 

•6465-^500 = -001293. 



To find the Specific Gravity of a Solid Body 

Soluble in Water. 

41. Weigh the body in air, and then in some liquid 
in which it is insoluble. The loss of weight is the 
weight of a quantity of this liquid having the same 
bulk as the body. The weight of the same bulk of 
water is found by dividing the result by the specific 
gravity of the liquid. 

Example, — A piece of sodium weighs 8 grms. in 
air, and 1*07 grms. in naphtha, the specific gravity of 
which is known to be '84. Find the specific gravity 
of the sodium. 

The weight of the naphtha having the same volumo 
as the sodium=8— 1*07, or 6*93 grms. 

The weight of the same bulk of watcr= 

G-93-r-84, or 8-25. 

Uence the specific gravity=-— ='97, 

o'25 

Instead of definite weights, let us take general 
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symbols. Let Wa=tl^e weiglit of tlie sodinm in air, 
«;„=tlio weiglit in naphtha, and let S=the speciEo 
gravity of tho naphtha ; then 



the specific gravity = 



«♦. 



w'S 



(Wa--M?„)-i-S Wa—W^ 



-— E 



Hence xoe may find Hie specific gravity referred to 
'water hy finding first the specific gravity referred to 
some other liquid, and tJien multiplying by the specific 
gravity of this liguid, 

42. We may also find the specific gravity of a 
/-fc liquid by comparing the amount 

displaced by a body made to floafc 
in the liquid. and in water. Fig. 15 
represents such a body, termed a 
common hydrometer* It is usually 
made of glass, and consists of a tube 
._-33 A, a large bulb B, and a small one 
0, loaded so as to keep the stem 
I . vertical, 

r % Let to be the weight of the in- 

strument, and a the area of a section 
of the stem. Suppose the instrument 
to sink to D in water, and to E in 
the other liquid, then if v be tho 
volume below D, and S the specific 
^'^'^^' gravity of the fluid, v ~ S is the 
Tolume below E. But since tho volumo of the part 
DEisfl.ED: 



B 



¥ 



• • 



5=t'+a.ED, 
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43. In tlio preceding examples wo liavo not talcen 
ficcount of the weiglit of the air displaced by tho 
solid -weighed in it. The true weight of the solid is 
tho weight in air, together with the weight of the air 
displaced. We may find approximately tho weight 
of tho- air displaced from the weight of tho water dis- 
placed. At the ordinary pressure of the atmosphere 
1 litre of water weighs 1000 grms., and 1 litre of air 
1'293 grms. ; hence the weight of air displaced is 
•001293 of the water displaced. 

JExample, — ^A body weighs 8 kilogs. in air, and 5 
in water ; find its specific gravity, taking into account 
the weight of the air. The weight of water displaced 
is very nearly 8 — 5, or 3 kilogs. This is not quito 
true, because 8 is not quite the true weight of tho 
body. Hence the weight of tho air is very nearly 
•001293 X 3000 grms., or 3-879 grms. Henco tho 
specific gravity is 

8003-87 9 ^..,,,, 



Density. 

44?. The density of a body is a term for the ratio 
of the quantity of matter in the body to the quantity 
of matter in an equal bulk of a standard substance. 
Thus, if water be the standard, tho density 

^[ mass of the body v 

vmass of an equal bulk of water./ 
Tho density, therefore, refers to the mass as tho 
specific gravity refers to tho weight of \x.\i<^^^» 
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If we suppose tlio force of gravity constant, as is 
the case at any one particular spot on the earth's sur- 
face, the weight will be proportional to the mass, and 
the density and specific gravity of a body will bo tho 
same. Tho variation of the force of gravity does 
not affect the density, but it does affect the specific 
gravity. 

From the above formula wo see that 
if the volume be kept the same 

the density varies as the mass, 
and if the mass remain the same 

the density varies inversely as the volume. 

Hence, when both volume and mass vary, 

., J .. . mass 

the density vanes as — :; 

volume 

CM 
Therefore d = — r where c is a constant. 

It has been shown in "Mechanics** (p. 176) 
that writing M for mass, W for weight, and g for 
acceleration due to gravity, 

W varies as M when g is constant, 
W „ ^ M „ 

•*. W „ M^ both vary 

.-. W = CM/7, 

but from the above formula 

M = dY X a constant 
.•. W = cdgY 

The units may be so chosen, therefore, that 

W = gdY. 
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Problems on the Density of Liquids, 

45. If two liquids that do not mix meet in a bent 
tube, their heights above their 
common surface will be inversely • n 

proportional to their densities. 
Let A be the upper surface of the 
denser fluid of density c?, b that of 
the lighter fluid of density d^ and 
let c bo their common surface ^ 
(Fig. 16). Lot h = tho height 
of A above the horizontal plane 
c D and hi = height of B above c d. 

The pressure at c = ffd^hi tho 
pressure at d = ig^dh, and these are equal, since they 
are in the same horizontal plane. 

.*. ffd/i ^ gd-Ji^ 

or /* : A, = -; • -— • 
a di 



U 

Fig. 16. 



Examples. 

1. A body suspended by a thread from ono scolo of a balance 
rroighs 36*84 grammes; a vessel of water is placed so that tho 
body is suspended in the water, and then 6'21 grammes must bo 
placed in the scale above the body to restore equilibrium ; find tho 
specific gravity of the body. — Aiis. 5*9. 

2. Find the specific gravity of a pieco of lead which weighs 
47*48 grammes in air and 43*33 grammes in water. 

8. The specific gravity of aluminium is 2*56, and a fragment 
when weighed in water loses 3*78 grammes. What is its weight ? 
— Arts* 9*6768 grammes. 

4. A body weighs 5 grammes ; when the body and 100 grammes 
of lead of specific gravity 11*44 are weighed together in water, tho 
loss of weight is 9'5 grammes. What is the specific gravity of the 
body 7— Ana. 6*59. 
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d. AenDDQoi ko^ of meSal cf sped£e giaiify&Sa vc^^ssSJS 
liic^s. m air, asad 21iO ^>^-"g:«- in vales. Ii ticze m fiaw ib the 
czssBffli? 1Tl2ai2siisT<(j3xne?--'JlB&llkere isaflav; flievalz^^ 

G- A bo^ wG^bs 25 |;'-f Mam mj>m 3a aiz* ^ giaBXDies a vaier* and 
IS gzaszmacs in anoflacr £gmS; £3ad tibe ipecifie gmtiiy of tlio 
bod J aad cf t]ae aeeoed ISqiaid^ — Asis. 5 asd 3. 

7. A boHoai vd^^ 2S3~a25 c"ra:ninp« what en^ftj, and 
33^SlG giamisaes viien fiDed viih air at ihe ar^sary ptessore. 
Wbat is ils capadlj, Cac vd^^ of & Eire of tite air being 
1-293 grazsmn ?— ji^s. 90 Etres. 

8. The smae IntTlnoHi, vhen £I2ed iri£!i gas under fhe same 
eondiiiozis of temp&atare asd [nwaame , veig^ SSS^GST- What is 
the sped£c gnrity of the gas leSetied to air as the standard ? — 
^TLS. "26 neazlj. 

9. A body iloafs viQi oac-third of its balk vnder vater; vrbsJk 
13 ils specific giat ily ? 

Let W = weight of body; then i of its balk of vater = T7, 
and the xFcight of its own boDc of water is therefore 3 W. The 
8pcci5c gniTity is therefore W -r 3 W = i. 

10. A piece of gold weighs 0'7 gnunmes, aflaskfoll of water 
wdghs 95 grammes ; the gold is pot into the flask, and displaces a 
email qastnt^tj of the water, which flows orer. The weight of the 
whole is lOi'2 grammes; find the specific gnmly of the gold. — 
Ans-lO-i. 

IL Kicholson's hydrometer is nsed as folloxrs : — 51'72 grammes 
is placed on the niyper cop, a fragment of metal is placed on tho 
eop, and it is found necessary to take off 11-83 grammes to mako 
the instromcnt float at the samclerel; the metal is then placed 
in the lower ciip» and 2*03 grammes added above to restore tho 
former IctcL Find the specific gravity of the metal. — Ans. 7'Cl. 

12. A globo of glass weighs in pure water G'9 grammes, in sea 
water C*2 grammes, and in air 13 grammes. Hnd the specific 
gmvity of the sea water. — Ans. 1'115. 

13. A cylindrical piece of cork of specific gravity *23 and length 
of 10 inches floats upright in water; how much of it will be 
Immersed ^—Ans. 2*5 inches. 

14. A piece of wood weighs 7 lbs. and a piece of iron weighs 
T^Ibs. in air and 67 lbs. in water; the wood and iron together 
Twl^li fi 1 llwi ill wntrr What is the specific gravity of the wood? 
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15. A body weighs 10 ozs. more in air than in water; if 1 cnbio 
foot of water weighs 1000 ozs., what is tho volume of the body in 
cubic feet f—Ans, '01. 

16. A cylinder floats in a fluid of specific gravity 2*5 with two- 
thirds of its bulk above tho surface. What is the specific gravity 
of the cylinder ? — Ans^ '83. 

(Tho specific gravity referred to tho liquid = 5 .*. referred to 
water = i x 2o.) 

17. If the cylinder be removed to another fluid, and then floats 
with ono-tliird of its balk out, find tho specific gravity of tho fluids 
— -471S. l'2o. 

18. A vessel containing water is placed in one scale of a balance* 
and counterpoised by a weight placed in the other scale. If 
10 cubic centimetres of metal be suspended in the water so that 
Kono of the water is spilt, what additional weight must be placed 
in tho other scale to restore equilibrium P — Ans, 10 grammes. 

19. To one scale of a balance a weight of 20 lbs. and speoifio 
gravity 8*5 is suspended, and allowed to rest in water, what weights 
must be put in the other scale to restore equilibrium ? 

Solution. Q'o lbs. of metal lose 1 lb. in water. 

,1 „ weigh 7'o lbs. in water. 

85 



lib. „ weighs 57=- „ 



20 lbs. „ „ ?i|gL5 = i7i} 

20. A rod of wood floats with one-fourth of its bulk out of water, 
end a stone equal in bulk to one-tenth of the rod, when placed on tho 
rod, sinks it until the top of the rod is level with tho surface. Find 
the specific gravity of the stone. — Ans. 25. 

21. A body whose specific gravity is unity is placed in water, 
how much weight does it lose ? 

22. A vessel and water weigh 10 lbs., what will they weigh when 
a body which floats with 6*76 cubic inches immersed is placed in 
the water. — Ans. lOj/^ lbs. 

23. Two bodies, a and h, of different bulks weigh the same in 
water, which will weigh the most in mercury ? — Ans. The smaller. 

21. Which will weigh the most in air ?—J.n». Tholai'gor. 



vn.— inB AiB Am) gases. 

46. Many of tho properties of liquids are also 
posRessed hj elastic Baiia. For example, tho air baa 
weight. To ptvo thia, let ns take a flask fitted with 
an air-tight etop-cock, oiid by means of an instmment 
^o be hereafter described, let ns pnmp all tho air out 
of it, and tnm off the stop-cock. Lot the flast be 
placed in tbo Ecale of a balance, and such weights in 
the other as will keep the beam horizontal. When 
the stop-cock 13 tamed on, the air will be beard to 
rash in and the flask will descend. If, instead of the 
flask, a glass globe capable of contiuning a cnbic foot 
he emptied and weighed, when the air is admitted it 
will bo an oonco and a half heavier than before. 
Again, prcssare is transmitted by liqnids and gases 
according to tho same laws ; for ezamplc, the pressure 
at a point in a gas is the saEao in all dii^ctions. 

47. A Tcry simple experiment will provo tho 
existence of atmospheric prcs- 
sare. Fill a tambler with wafer, 
and place a sheet of paper over 
tho top, hold the palm of the 
hand against the paper, and 
invert the tnmblor. Tho band 
may now be withdrawn without 

^ _^ the water falling (Fig. 17). 

^^^^^^^-^ Tho atmospheric pressure sop- 
Fi". 17- porta tho water, the paper 

being used only to prevent the 
dr from replacing them in the glass. 

48. li a glass cylinder be tightly closed at ono 
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end by an air-tight membrane, and the air be with- 
drawn from the interior by means of an air-pump, 
the pressure of the atmosphere, not being supported 
by the elastic force of the air inside the cylinder will 
burst the membrane. 

49. Nothing in the history of science is more re- 
markable than that up to the time of Galileo (1636) 
the fact that the atmosphere exerted pressure was 
unknown. Effects produced by this pressure were 
observed on all sides, but they were set down to 
other causes. When the water rose in a pipe from 
which the air had been withdrawn, as is the case 
with the common pump, in apparent violation of the 
laws of gravity and of the law that liquids maintain 
their levels, philosophers, unable to account for the 
circumstance, satisfied themselves by considering ib 
due to a freak of nature. They set it down as an 
axiom that " nature abhors a vacuum,*' that nature 
would not allow any part of the universe to be void 
of matter. Thus, they argued, when air has been 
withdrawn from the pipe of a pump, nature's abhor- 
rence of a vacuum compels the water to rise and fill 
the vacant space. 

In 1636, however, some mechanics made a pump 
to raise water from a well, the surface of the water 
being 50 feet deep. They found that they could not 
make the water rise more than 32 feet. They 
applied to the celebrated philosopher, Galileo, to 
solve the mystery. He could not explain it, but ho 
said ono thing was certain — ^Nature's abhorrence of a 
vacuum did not extend over 32 feet. 

The subject was then investigated b^ TQt:rkS5?3K^^ 
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n pupil of Galileo. He argued that -whatever tho 
canse might be, since it -was snfGcieut to support 32 
feet of water, if a heavier liqaid were used, a columa 
of less altitude should be supported. For e:cainplc. 




since 32 feet of water is suatained, of mercury, which 
ia 13i times as heavy as water, 32 feet divided by 
131, or 28 inches, ought to be supported. 

He conducted his experiment as follows : — Ho 
Awi a Teasel of mercury and a gVaaa tuba over 30 
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inclies long, open at ono end and closed at the otlicr. 
Having filled the tube with merenry (Fig. 18), ho 
closed the end with his finger, inverted the tnbo, 
plunged the covered end below the surface of tho 
mercury in the vessel, and removed his hand. 

The mercury in the tube subsided until it stood at 
the height of 28 inches. 

Supposing the surface of tho mercury in tho 
vessel to be prolonged under the tube, he saw that 
tho fluid outside the tube was only subjected to tho 
pressure of the atmosphere, while that under the tubo 
sustained the column of mercury above it, Tho 
secret was now revealed to him, for he concluded at 
once that tho pressure of the atmosphere on an area 
equal to the aperture of the tube was equal to the 
weight of the mercury in the tube. 

This conclusion was confirmed by carrying tho 
apparatus up a mountain. Pascal, a French divine^ 
argued that when a portion of the air was left below, 
the pressure of that which remained must be dimin- 
ished ; consequently, if the column of mercury were 
really supported by this pressure, the height of tho 
column must vary with difierent distances above tho 
earth's surface. The experiment was tried, and tho 
mercury in the tube was found gradually to sink 
during the ascent. 



Magdeburg Hemispheres. 

60. A few years later (in 1654) a Professor in 
Magdeburg constructed an apparatus which not only 
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exhibited tlio force of the atmospheric pressure, but 

showed that this pressure acted equally 
in all directions. Tho apparatus con- 
sists of two hollow mctalUc hemi- 
spheres, the edges of which are made 
to fit exactly (Fig. 19). To ono of 
the hemispheres thero is a tubo and 
stop-cock, so that when tho two are 
placed together the air may be pumped 
out. When filled with air the hemi- 
p. -Q spheres may bo separated without diffi- 
culty, but, when tho air is exhausted, 

in whatever position they are held, a powerful clTorfc 

is required to separate them. 

The Barometer. 

51. Tho apparatus used in Torricelli's experiment 
constitutes a barometer. Whatever the size of tho 
tube, the pressure at tho base of the column on a 
level with tho surface of the liquid outside must bo 
equal to the pressure of tho air on tho samo area 
anywhere in that surface. 

Thus, if the apea of a section of the tube be ono 
square inch, the pressure on a square inch is the 
weight of the mercury in the tube ; if the section be 
a tenth of a square inch, the weight of the column 
of mercury above the surface is the pressure of the 
air on the tenth of a square inch, and ten times this 
weight is, of course, the pressure on a square inch. 

Ifc is easy, therefore, to find by means of this 

experiment the pressure of the air. Suppose, for 

oxamplo, a tube is used having a section exactly one 
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squaro centimetre in area, and snpposo the colnmn of 
mercnry to stand at the usual height of 70 centi- 
metres ; there Trill then be ~6 cubic centimetres of 
mercnry ia the tube. Now, tho spectfio gravity of 
mercury is 18"596, hence 'G cubic centimetres of 
mercury -weigh 13'596 gnonmca X 76 = 1033 
grammes. A pressure of 1033 grammes on a square 
centimetre is termed a pressure of one atmosphere. 

If we take inches and ounces a^ the units, sup- 
posing the height of the barometer to bo 30 inches, 

eight of a cubic inch of water o 



and tho 1 



the atmospheric pressure = 
1728 073. = 147 lb3. 



1728 ■' 
) X 13-590 X 1000 ~- 



a gas, tho 

s 



Marriotte'a Iiaw. 

52. On account of tho elasticity 
pressure exerted by it changes with its 
temperature and with its volumo. 

For example, take a cylindrical vessel 
fitted with an oir-tigbt piston (Fig. 20). 
When held vertical, the piston will be 
&apported by the resistance of the air 
within the cylinder. An effort ia required 
(o force in the pialon, and the more the 
air is compressed the greater the pressure 
required to keep tho piston from return- 
ing. 

Instead of a force applied by the 
hand, let us place a weight on the piston. 
Suppose tho presBuro of the air aa indi- 
cated by tho barometer to be 15 lbs. on the sqaare 
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inch. Suppose, for convenicnco of reclroning, ttc take 
a cylinder a b, of 1 square inch in area, and 12 inches 
long. Before the piston is inserted the air in tho 
cylinder sustains a pressure of 15 lbs. Put in the 
piston, and plaoe on it such weights as will cause it 
to descend to A, the middle of the cylinder. The air 
will have been compressed into half its bulk, and it 
will be found that the weight amounts to 15 lbs. 
Then double the pressure reduces the volume one 
half. If we make the piston and Its load twice 
15 lbs., so that the whole pressure is thrice 15 lbs., 
the piston will descend to e, one-third of the height. 
"When the pressure is four times 15 lbs., the bulk is 
one-fourth of that at a pressure of 15 lbs. A pressure 
of 12 atmospheres will reduce the air to one- twelfth 
of its original volume. 

This relation of the pressure to the volume of a 
gas is termed Marriotte's Law. 

" If the temperature be kept the same, the pres- 
sure of a quantity of air or gas is inversely propor- 
tional to the space it occupies." 

This law was proved by Boyle and Marriotte as 
follows : — A bent tube A b with open ends 
m (^^o- 21) > and one arm a longer than the 
other, is fixed to a graduated stand, and 
a little mercury is poured into it. Tho 
lu"' surface c c' of the mercury will be in the 
U'' same horizontal plane, and will be sub- 
jected in both tubes io the pressure of 
Fig. 21.. fjiQ atmosphere. The end b is now 
closed, and more mercury poured into A. The 
mercury rises to D in tho carm B^ compressing 
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the air, and to d' in the arm A. Tlie pressure of 
the mercury in the two arms below the same level 
D d" balance each other, and the pressure at d" is 
therefore that of tho atmosphere, added to tho 
weight of the column d' d". 

Suppose Pi be written for the original pressure 
on the air in B, and Pg for tbe pressure after com- 
pression ; suppose that the pressure of the air would 
support the mercury at a height /i, and let the weight 
of mercury in one inch of the tube be w^ 

then the pressure of the atmosphere = hw^ 

and that of the atmosphere and the colum:i 

I Pi— _^_ 

Loiico Pg - /, + D'D" 

Now, when tho scale is applied to the spaces 
EC, BD, it is always found that gn = / i Tyry 

hence gQ- = jj- 

The relation between pressure and volume may 
be also expressed thus : — If the temperature remains 
the same, the volume multiplied by the pressure re- 
mains the same. Thus, if V be the volume when the 
pressure is P, and V^ the volume when the pressure 
is Pi, VP = Vipi. 

Belation of Fressuro and Temperaturo. 

53. The pressure of a gas is affected by change 
of temperature. 

If tho heat syringe (Pig. 20), with a certain load 
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on ihe piston, be placed in warm water, the piston 
will be farced np cnless additional weight be added. 

If the preaanre remain the same, an increase of 
temperature of 1° centigrade prodnces in a given 
mass of gas an ezpimsian of '003663 of the volnmo 
it would hare at 0° centigrade.* 

The Weather-Glass, 

64. The presHuro of the atmospbero not only 
varies with the height 
above the sea, bnt it 
changes at the aame placo 
within certain limits ; cou- 
scqnently, the height of the 
mercQiy in the barometer- 
tube is anbjectod to frc- 
qneot variations. These 
variations at the level of 
the sea range from 786 to 
731 millimetres, or from 



r~\ 




a ^^^ height 

of the barometer freqcently 
coincides with a change of 
the weather. In onr ch- 

mate it is a matter of ob- 
servation, that in rainy 
and stormy weather the 
barometer is uanaUy below 
and in fine and dry weather the 
* For oiplaaaljnn and exiuii^«a of Uiis iair, loe Orm^s 
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height of the barometer is nsnally above the average. 
Hence the barometer is nsed as a weather-glass. 

The form of instrament used for this purpose is 
represented in Fig. 22. It consists of a siphon ba- 
rometer, in the shorter leg of which is a float, 
which rises and falls with the mercury. The float 
is connected, by some mechanical contrivance, with 
a wheel, bearing a needle. When the pressure 
of the air varies, the sinking or rising of the float 
causes the needle to move over a graduated scale in 
front of the case enclosing the barometer. 

The Common Pomp, 

55. The pressure of the atmosphere is taken ad« 
vantage of for the purpose of raising water abovo 
its level. 

The common pump is a machine by means of 
which this is effected, a 6 is a cylinder, having its 
lower end closed with a valve b (Fig. 23) opening 
upwards, and connected by means of a pipe with 
the water which is to be raised. A piston contain- 
ing either one or two valves opening upwards, is 
worked in the cylinder by means of a vertical rod 
and a handle. 

Suppose the piston to be in its lowest position, 
then, when it is raised, the valve B opens, and a 
partial vacuum is produced in the cylinder and pipe ; 
and the pressure of the atmosphere without being 
greater than the pressure within the pipe, the water 
rises, and it continues to rise until the pressure 
within and without become equal. 
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Wlien the piston descends tlie valve in tlie pistes 
opens.andtlie&irwitliiuthe 
ejlinder escapes. When the 
npward'Stroke of thepistou 
is complete, it is again de- 
j]ressed; tbe water passes 
throngh the valve in the 
piston, and on the nest 
stroke it is discharged at 
tihe spent. 

If the valves and pipes 
be perfectly air-tight, the 
greatest height to which 
the water coald he raised 
hy a common pnmp, reck- 
ontng from the surface of 
the water in the well to 
the bottom valve, is S3' 75 
feet, when the mercnrial 
barometer is 30 inches, 
^■^- for 

30 inches X ISS = 33-75 feet, 
13'5 being the speoific gravity of mercury. 




The Lifting Fnmp, 

BG. Sometimes pnmps are nsed to lift water to a 
great height. In this ease the spont is connected 
with a vertical tnbe, and the water, instead of 
escaping by the spout, rises in the tnbe, and is 
2>zwentod from returning by a valve. 
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The Axohimedian Screw. 
57. One of the earlieat maotines used for lifting 
water on record is the screw of Arohimedes (Fig. 24). 
It consists of a cylinder inclined to the vertical, and 
exactly fitted by a screw having the Bame axis. If a 
Email solid body were placed at the bottom, and the 
eorew tnmed ronnd, each point of the screw wonld. 




Fig. 21. 
paaa beneath the body at the lower edge of the cylin- 
der, and the body wonld thus be raised gradoally to 
the top. In the same manner, if water has access to 
the bottom, on tnming the instrnment it will bo 
gradaally raised antil it flows oat at the top. 
The Forcing Pump. 
58. The forcing pnmp differs from the common 
pnmp in the following respects : first, there is no 
spout or ontlet to the npper part of the cylinder ; 
secondly, the piston A is solid ; thirdly, in addition to 
the pipe closed by the valve c, and communicating 
with the cistern, there is another pije ^as&vds^ fessck 



84 



TUB riKG-ENOIHE. 



the lower port of the cylmdcr, with a valre <f opening 
cpwards, throi^^b which the water is to be raieed. ; 
Suppose the piston to be in its lowest position 
when it is raised the Talvo 
opens and o* closes, the 
column of water within tho 
cylinder and pipe is re- 
lieved of the presanre nbovo 
A, and the proas^re of tlie at- 
mosphere without being thns 
greater than that within the 
pipe, the wntcr within rises, 
and continues to rise nntil the 
pressures within and without 
are equal. Let the piston bo 
now made to descend, and 
the process repeated until tho 
water has risen above the 
top of the pipe j then when a 
descends, the water in the 
cjliader, not being able to 
return on account of the valve c, is forced up the 
pipo, in which it is retained by the valve c*. 

Tho Fire-Engliio. 
59. WTien a continuous stream is required, tho 
valve leads into a strong air-vessel, out of which tho 
pipo passes. After tho down-atroko of the piston tho 
air in the chamber is condensed, and its pressure oa 
the surface continues to lift tho water during the np- 
stroko. Tho fire-engine consists of two force-pumps 
coancoted with mi ait chamber (Fig. 26). Tho 
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pampB aro worked by a leror, and are orrsnged 
so that wben one piston descends and closes the 
valve below it, tbe other ascends and opens tha 
valve commnaicating with the water in the cistern. 




Sig. 26. 

The Siphon. 
60. The siphon is a bent tnbe a B c (Fig. 27) 
open at both ends. Let the tube he filled with flnid, 
and tho shorter leg icEertcd into a vessel of flnid 
which it is required to empty, and the extremity o 
of the other leg closed by the finger. Let the level 
of the finrface of tho fluid meet the two legs of the 
siphon in G and d respectively. Provided the height 
of D above o d ia not greaterthan that of a colnmn of 
water, the weight of which is equal to tho atmospherio 
pressnre, the water in D c will he snpported by tho 
atmospherio pressare. Let p bo the t 
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pressure, the pressure at D=P, and is transmittect 
along tlie tube. 

The pressure at B=:P — the pressure due to a 
column of water of height D E. 
The pressure at G=P. 

The pressure at C=P+the pressure due to a 
column of water of height y c. 

Consequently the pressure on the end c, which 

we have supposed 
"^ closed, exceeds the 
atmospheric pressure 
by the pressure duo 
to a column of water 
of height of g c, or 
c F — D B, 

If the end c be 
opened the fluid will 
descend. Since at 
every point of the 
tube there is a pres- 
sure in the direction A B c, as soon as the liquid at any 
point moves forward, the particles behind being re- 
lieved of the pressure in &ont immediately follow, 
and thus a continuous stream is produced, which will 
only cease when the surface of the fluid has descended 
to A, the extremity of the shorter leg of the siphon. 

If the leg B G terminated at G, it is evident that 
there would be equilibrium. 

If the height d b were greater than that of the 
water-barometer, the liquid would descend in each 
^be to that height, leaving a vacuum at b 




Fig. 27. 
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The Air-Fump, 
61. The ur-pomp is a macbine conRtmcted for 
removing tbo air &om a closed vessel, called a 




Fig. 28. 
between them, rans a pipe commtmlcating with tiie 
barrel of the pnmp B by means of a valve e, opening 
upwards. "' In the barrel is an air-tight piston h alao 
furnished with a valve opening upwards. 

Suppose H to be drawn np, then a partial vaonnm 
will be formed below the piston, and fresh air mshing 
in from r will open the valve at 0. 

Now let B be made to descend, then the pressnre 
of the air will close the valve a and open the valvo 
in H, and the air in the bacrel YiiiiVie &jnK&<3Q!^ "^^^ 
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tlie meantime the air in tlie receiver expands and 
refills the barrel. 

Now n again descending and ascending expels 
another portion, and so on till the air in b becomes 
so rare that its elastic force is insufficient to open 
the valves. It is obvious that, althoogh the air gets 
rarer and rarer at each stroke of the piston, the 
whole can never be exhausted. 

The pump which we have described is called the 
Single-barrelled, or Smeaton's Air-pump. Hawks- 
bee's Air-pump is fitted with two barrels instead of 
one (Fig. 29). The two pistons are moved by a 
toothed wheel in such a manner, that one descends 
while the other ascends, and thus the air can bo 
forced out with greater rapidity. 

62. To find tJie density of the air in a receiver after 
any number of turns of the wJieeL 

Let E be the volume of the receiver and pipe, and 
h the volume of each barrel. Then the air which 
occupied the space e when H was at the bottom of 
the barrel, fills the space B, + h, when n ascends to 
the top. 

If therefore d = the density before the stroke, 
and di the density afterwards, we shall have 

di(n + h) = d*R. 
In the same manner it will be found if d^ be the 
density after two turns, dn tho density after n turns, 
that 

^2 (R + 5) = t^i'R . • . ^3 (E + ly = d-B,^ 

dj (R + h) = cZg-R . • . (?3 (R + 5)3 = d'R^ 

.'. ^„(R + hy = (2-R\ 
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Thus it appears that the density of the air de- 
creases in a geometiical progression. 

Tlie Siplioa Gaoge. 
This is a glass tnbe s (^g- 29) screwed to a pipe 
commnnicating with the receiror. One end a ia 




cToaed, and a portion of the taho, rather raoro than 
a b, completely fiUed with morcnr^. 
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If it be not more tlian 28 inclies in length, tlie 
tube a h will at first remain filled ; bat as the ex- 
hanstion proceeds, the mercnrj will sink in a & and 
rise mh c, and the difference in the heights of the 
mercnry in a 5 and h o will always measure the 
pressure in the receiver. 

Thus, if we call the pressure of the air which 
supports 76 centimetres of mercury one atmosphere^ 
and lot n centimetres = the difference in the heights, 

the pressure of the air in the receiver is ,z^ths of one 

atmosphere. 

If (2 be the density of the air outside, and d^ the 

density in the receiver, since density is proportional 

to the pressure, 

(^ _ n 

^ height of barometer. 

The Diving-Bell. 
63. The diving-bell is a strong iron vessel, which 
is immersed in water with its mouth downwards. The 
air withm prevents the water from filling the vessel ; 
but as it descends the pressure increases, and the air 
is compressed^ Let us suppose that the pressure of 
the air at the surface is equal to the weight of a column 
of water 33 feet high, then when the bell has descended 
33 feet, the air within will be compressed to half its 
original bulk. The pressure of the air inside woulc' 
support a column of mercury twice as high as the mer 
cuiial barometer at the surface. At a depth of twic 
33 feet the air would be compressed to one- third i^ 
ongintd bulk, and so on. 
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To prevent the advance of tho water in the 
bell, and to supply the workmen with fresh air, 
a tube, connected with a force-pump at the surface, 
passes to the bell. There is also a tube through 
which the workmen can allow the foul air to escapo 
by turning on a stop- cock. 

The bell is suspended by chains or ropes. 

Exercise. — ^A cylindrical diving-bell 8 feet long 
descends until the water in the bell is 80 feet below 
the surface, when the height of a water-barometer 
is 32 feet. If no air has been supplied &om above, 
to what height has the water risen in the bell P 
The pressure at the surface =the pressure of 32 ft. 

of water. 
„ „ adepthof 80 ft. = the pressure of 112 

ft. of water. 

With a pressure of 32 ffc. of water, the air occupies 
8 ft. of the cylinder. 

.*. With a pressure of 1 ft. of water, the air would 

occupy 8 X 32 ft. ; 

ajid with a pressure of 112 ft. of water, 

8x32 ^, ^ 
—y^. or 2| ft. 



EXEKCISES. 

1. WHon the height of the barometer is 76 centimetre^ find 
the height to which water will rise in a tube from which the air 
has been withdrawn, the specific gravity of mercury being 13*596. 
— Alls. 1033 centimetres. 

2. What would be the height of the barometer if a liquid of 
specific gravity 2*5 were nsed» when the mercurial barometer 
stands at 76 centimetres ?— iins. 413*3 centimetres* 

3. When the water barometer stands at 33 feet, what would be 
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the height if alcohol of epecifio gravity *823 wer^ nsed instead of 
water f-^Ans. 40 feet. 

4 What would be the effect of maMng a small aperture at the 
highest point of a siphon ? 

5. What difference is made in the height of the column of 
mercury in a barometer when the tube is inclined ? . 

6. How would the action of a siphon be affected by carrying it 
up a mountain ? 

7* If when the barometer stands at 30 inches, the air in the 
glass cylinder represented in Fig. 28 is half exhausted; find the 
pressure on a square inch, taking the specific gravity of mercury as 
13 '5, and the weight of a cubic foot of water as 1000 ozs. 

8. If the weight of a cubic inch of mercury be 7*8 ozs., what is 
the pressure of the air on a square inch when the mercury stands 
at 29*5 inches ?*-ilti5. 230*1 ozs. 

9. What would be the height of the water barometer in the 
above case, the specific gravity of mercury being 13*5? — Ans, 
C08'25 inches, or 33 feet 2i inches. 

10. A barometer is partly filled with water and partly with 
mercury, and the height of the water is three times that of the 
mercury; find the height when the pressure of the atmosphere is 
1020 grammes on a square centimetre, the specific gravity of mer* 
cury being 13 '596. 

Solution. Let (b be the height of the mercury ; 
then 3 oj = the height of the water, 
end 13*596 m ^ the height of water equal to aj centims. of mercury. 
Now, a water-barometer would stand at 1020 centimetres. 

.*. 3aj + 13-596aj = 1020 

.'. (0=61*5 centimetres. 

11. How will a fall in the barometer affect the action of a 
siphon ? 

12. How will a change in the barometer affect the pressure on 
the base and sides of a cubical vessel filled with water? 

18. Find the greatest height over which a liqtiid of specific 
gravity 8*5 can be carried by means of a siphon, when the barometer 
stands at 760 millimetres. 

14. If a vessel of water containing a floating body be placed 
under the receiver of an air-pump, and the air gradually exhausted, 
what will be the effect on the floating body P 
Solution. The weight of the floating body is equal to the weight 
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of fluid (air and water) displaced; hence, as the snrronnding air is 
withdrawn — ^that is to say, as the air displaced by the body is 
diminished — the water displaced most increase. When the receiver 
is completely exhausted, the body will sink, until the weight 
of the water displaced is alone equal to the weight of the body. 

15. To what height would the mercury rise in a Torricellian 
tube, if it bo immersed in water until the surface of the mercury in 
the cistern is 45 inches below tho surface of the water, supposing 
the barometer to stand at 30 inches, and the spedflo gravity of 
mercury to be IZ'S.—Ans, 3di inches. 

16. The receiver of an air-pump is five times as large as tho 
barrel; after how many strokes will the density of the air be 
diminished by nearly a half ?—Ans. 3. 

17. In the above example, how much air has been removed 
alter six strokes P—ilns. Taking the original volume as unity, 
the air removed is 

18. What would be the effect of making a snuill hole in the top 
of a diving-bell ? 

19. What is the pressure on a square centimetre in a diving 
bell, the sur£ice of the water in the bell being 12 metres below tho 
surface above, and the mercurial barometer at the surfEico 
standing at 76 centimetres (specific gravity of mercury = 13*596)« 
Ans. 2*233296 kUogs. 

20. If a block of wood be floating on the surface of the water 
within a diving-bell, how will it be affected by the descent of the 
bell ? — (See question 14 above.) 
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MATEICULATION. 

1. Explain the difficulty of opening a lock-gate when the water 
is at a different level within and without the lock; also* why the 
force required to open the gate is not proportional directly to the 
difference of Jovel. 

2. The weight of water is 770 times that of air; at what depth 
ih a lake would a bubble of air be compressed to the density of 
water, supposing the law of Marriotte to hold good throughout 
for the compression P 

Solution, — Let the pressure at the surface be P grammes on a 
square centimetre, then the pressure, P, at a depth of x centi- 
metres is ((D-f P) grammes. Let Y be the volume of the bubble at 
the surface, and V* that at depth ar, then by § 52 V P=V* F, but by 
hypothesis V=770 V', therefore by substituting for F and V we 
obtain (b=769 F centimetres. If we take feet and ounces as our 
units flj=144x*769 P feet. 

3. A body weighs in air 1000 grains, in water 300 grains, and in 
another liquid 420 grains ; what is the specific gravity of the latter 
liquid?— ^iw. -8285. 

4. Sketch the common pump, describing its action, and stating 
the limitation to which this is subject. 

5. A mercurial barometer is lowered into a vessel of water, so 
that the surface of the water is finally six inches above the cistern 
of the barometer. What kind of change will take place in the 
reading of the column of the instrument P Give a reason for your 
reply 

6. Draw a diagram representing (in section) a single-barre 
a/r-pamp when the piston is being loYreied. 
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Explain the action of snch a pump. 

If the receiver hold 64 grains of air, and 8 grains be removed 
by the first stroke of the piston, how mnch will be removed by the 
second stroke? — Ans. 7 grains. 

7* If a bottie filled with air be tightly corked, and lowered into 
the ocean, the cork will be forced in at a certain depth. Why is 
this ? and what will take place if the bottie be filled with water 
instead of air P 

8. Explain why a siphon cannot be nsed to convey water from a 
lower to a higher level. 

0. A solid weighs in vacuo 100 grains, in water 83 grains, and 
in another fluid 83 grains ; what is the specific gravity of this 
fluid?— -<4n». '8. 

10. Explain the action of the ordinary lifting pnmp; find the 
limit of its action ; and show that this will be diflerent at the top 
of a mountain and at the level of the sea. 

11. If a barometer were carried down in a diving-bell, what 
would take place ? Give a rough quantitative result. 

12. A solid, soluble in water but not in alcohol, weighs 34G 
grains in air, and 210 in alcohol ; find the specific gravity of the 
solid, that of alcohol being 0'85. — Ans. 2*1623. 

13. A tapering tube is bent in the middle at an acute angle, and 
being filled with water is inverted with the two ends completely 
immersed beneath the surfaces of the water in two vessels* the 
narrower leg being held vertical, and its end being only just below 
the surface. Point out the mode in which the water will flow ; and 
show when the flow will cease. 

14. Describe and explain tho barometer; and state on what 
principle it is used to determine the height of a mountain. 

Hight it also be used to determine the depth of the sea ? 

15. Define clearly what is meant by specific gravity. Is there 
any difference in specific gravity between 4 lbs. of iron and 2 lbs. of 
the same metal ? 

A body whose specific gravity is 3*5, weighs 4 lbs. in water* 
What is its real weight ? — Ans, 5*6 lbs. 

16. Describe, by means of a diagram, the common pump. State 
tho limit to its action and the cause of the same. 

17* Explain the action of the siphon. Is there any limit to the 
height of an embankment over which water may be carried by 
means of a siphon from a higher to a lower level ? 
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18> If as much additional air were forced into a closed vessel as 
it previously contained when in commimication with the atmo- 
sphere* what would be the pressure on a square inch of the internal 
surface? 

19. Describe the forcing-pump, and state why it cannot in 
general be replaced by a common pump. 

20. State precisely what information is gained by knowing the 
specific gravity of a body. 

Show how to- find the specific gravity of a solid lighter tlmu 
water, and not soluble in that liquid. 

21. At what depth in a lake is the pressure of the water, in- 
cluding the atmospheric pressure, three times as great as at tlio 
depth of 10 feet, on a day when the height of the liquid column in 
a water-barometer is 33 feet 6 inches ? — Ana. 97 feet. 

22. A lump of beeswax, weighing 2893 grains^ is stuck on to a 
crystal of quartz weighing 793 grains, and the whole, when sus- 
pended in water, is found to weigh 390 grains; find the specific 
gravity of beeswax, that of quartz being 2*65. — Arts, '965. 

23. A barometric tube of half an inch internal diameter is filled 
in the usual way, and the mercury is found to stand at the height 
of 30 inches. A cubic inch of air having been allowed to pass into 
the vacuum above the mercury, the column is found to be depressed 
5 inches. What was the volume of the original vacuum ? 

oo /1\* 

Solution, — ^The volume of 5 inches of the tube = ^ X (-/ 

7 •* 

= 1 cubic inch nearly. 

Let X be the volume of the vacuum, 

then (B -I- 1 is the volume occupied by the air. 

This air exerts a pressure = 5 inches of mercury. 

But the air occupied 1 cubic inch when under a pressure of 

30 inches of mercury. Hence, by applying the formula of page 49, 

(oj + 1) 5 = 30 

.'. B = 5. 

24. A bottle holds 1500 grains of water, and when filled with 
alcohol it weighs 1708 grains; but when empty it weighs 620 
grains ; what is the specific gravity of alcohol ? — Ans, 792. 

25. Describe the construction and action of the conmion pump. 

26. A tube closed at one end is filled with mercury, and the 
open end dipped below the surface of mercury in an open vessel. 

If the tube be inclined at an angle of 60"* to the vertical, what is 
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the greatest length the tube can have bo as to remain fall of 
mercury, the height of the barometer being at the time 80 inches ? 
— '^tiA. 60 inches. 

27* A piece of caprio sulphate weighs 8 ozs. in vacuo, and 
1*86 ozs. in oil of turpentine ; what is the specific gravity of cupric 
sulphate, that of turpentine being 0*88 ?—Ans. 2i%. 

28. If the height of the barometer rises from 80 inches to 
80*25 inches, what is the increase of pressure (in ozs.) upon a 
square foot ? — ^the weight of a cubic foot of water being taken to 
be 1000 ozs., and the specific gravity of mercury 13*56. — Ans. 
282*5 ozs. 

29. Describe an experiment which proves tiiat the upward 
pressure of a fluid on any substance immersed in it^ is equal to the 
weight of the fluid displaced by the substance. Give a sketch 
showing the arrangement of the apparatus. 

80. If a bladder containing 300 cubic inches of air under a 
pressure equal to that of 80 inches of mercury be sunk 240 feet 
below the surface of water, the barometer standing at 28*5 inches, 
to what volume will the air in the bladder be compressed? 
[Specific gravity of mercury =13*6.] — Ans, 87*2 cubic inches. 

81* A piece of metal weighs 211*6 grains in vacuOf 187*32 grains 
in water, and 182*37 grains in a solution of sodic chloride; find the 
specific gravity of the solution. — Ans. 1*2. 

32. Describe the common barometer, and point out the principle 
on which its action is based. 

What change in the atmospheric pressure on a square inch is 
indicated by a fall of one inch in the height of the barometric 
column? (A cubic inch of water weighs 252'^ grains, and the 
specific gravity of mercury is 13'6.) — Ans. A decrease of pressure 
of 3436*72 grains, or nearly half a pound on the square inch. 

83. If two liquids that do not mix meet in a bent tube open at 
both ends, show that at rest their heights above the common 
surface of contact are inversely proportional to their specific 
gravities (§ 45). 

84. The specific gravity of mercury is 13*6, and the height of 
the mercurial barometer is 30 inches. What is the greatest height 
to which water can be raised by means of the common pump ?—> 
Ans, 34 feet. 

35. Describe and explain the construction and action of the 
double-barreled air-pump. 
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86. Deforibe the forcixig-pnmp, and explain its action. If the 
area of the piston is 8*5 sqnare inches and a power of 77 lbs. is 
employed in forcing it down, find the pressure of the air within 
the air-chamber, and the height to which water can be raised 
above the piston when the snrfEbce of the water in the chamber 
ir 1 foot above the piston. (One cubic foot of water weighs 
62-3 lbs.) 

87. A. vessel in the shape of a pyramid 5 feet high, and with 
base 4 feet square is filled with water. Find the pressure upon 
the base and account for it being greater than the total weight of 
water in the vesseL 

38. Describe the barometer-gauge of the air-pump ; and explain 
how the degree of exhaustion of the air in the receiver is deter- 
mined by it. 
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Definitions. 



1. Light is the agent which acts upon the organs of 
vision so as to produce the sensation of sight. The 
light hj which an ohject is seen always comes from 
the object to the eye. Bodies are said to be luminous 
when they affect the organs of sight without the aid of 
other bodies. Thus, the sun, the stars, a candle, a 
lamp are luminous ; trees and stones are non-luminous. 
The light by which non-luminous bodies are seen is 
not emitted by them, but is received from some 
luminous body, and is simply scattered or dispersed by 
them : if the luminous body disappear they cease to be 
visible. 

2. Light passes through some bodies, and not 
through others. When the light is transmitted so 
perfectly that objects can be seen through the inter- 
vening body, the latter is said to be transparent. 
When light passes through a body, but, as in the case 
of ground glass, not so that objects may be distin- 
guished through it, the body is said to be translucent. 
Bodies through which no light can be transmitted are 
called opaque. The space through which the pheno- 
mena of light take place is called a medium. The 
medium may be a vacuum or a transparent substance^ 
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such as air, water, glass. A medlam is homogeneotis 
when its chemical composition and density are the 
same in all its parts. 

Propagation of Light. 

3. In a homogeneous transparent medium light is 
propagated in straight lines. If a cylindrical tube be 
placed in line with a candle, the light may be seen 
when the tube is straight, but not when the tube is 
curred. The same is true if the ends of the tube be 
closed by glass plates and the tube be filled with water. 

« 

Bay— Pencil— Focus. 

4. A ray is the smallest conceivable portion of light, 
and is represented by the straight line along which it is 
supposed to be propagated. A collection of rays is 
called a Pencil of Light, A parallel pencil is one 
whose component rays are parallel to one another. A 
converging pencil is one in which the rays all proceed 
to a single point, and a diverging pencil one in which 
the rays all proceed from the same point The point 
to or from which the rays of a pencil proceed is called 
ihQ focus of the pencil. 

Velocity of Light. 

5. The velocity with which light is propagated is so 
great that to ordinary observers on the surface of the 
earth the interval taken by light to pass from one 
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point to another is inappreciable, yet by means of 
astronomical observations, as well as by elaborate and 
delicate experiments, this velocity has been determined. 
Light travels from the sun to the earth in 8 minutes 
16 seconds. The velocity varies with the medium. 
Thus, it is not the same in water as in air. 



Light incident on a Sorfiace. 

6. When a ray of light meets a surface at a point, 
and the perpendicular (or as it is sometimes termed 
the normal) to the surface is drawn from the point, the 
angle between the ray and the perpendicular is termed 
the angle of incidence. When rays come in contact 
with an opaque and polished surface, their direction is 
changed, and the rays are bent back or reflected. The 
angle between the ray after reflection and the per- 
pendicular to the surface is termed the angle of reflection. 
When a laminous ray meets the surface of a trans- 
parent medium it passes into the medium, but not 
along the same straight line. It is bent or refracted at 
the surface. The angle which the ray after refraction 
makes with the perpendicular to the surface is termed 
the angle of refraction. Usually reflection and refrac- 
tion occur together, for when light falls on the surface 
of a body some of it is scattered or dispersed, making 
the body visible from all sides, although the light may 
reach it only in one direction. A portion of the light 
is absorbed, another portion is reflected, and if the 
body be transparent a large portion passes into it. We 
shall, however, consider only the reflection and refrac- 



tion of ligbt, and shall suppose poHshed Barfftcea to 
reflect all the light inddent on them, and tnospvent 
sarfacea to trausmit all. 



Law of Ballaotiion. 

7. Light is reflected according to the following 
laws: — 

i. The incident rag, the reflected ray, and the per- 
pendicular to the mrface at the point of incidence He it 
the eatne plane. 

ii. The angle of tneidenoe ie equal to the angle of 
refi-aetion, or, in other words, the perpendicular to the 
surface bisects the angle 
between the incident and 
reflected rays, Thns, if 
A B be a ray incident at 
n the snrface of which 
N n is a section, and b d 

„. , the normal at b, then 

Fig. 1- , ,. • 

AB, BD, and BO he m 

the same plane, and the angle a b d is equal to the 

angle d b o. 



Experiment to Ulustiate the Lav of Befleotion. 

8. To prore the law experimentally, a gradaated 
circle, of which the plane is vertical, is monnted on a 
stand. Two tabes, movable ronnd the centre, and 
hjiring their axes directed along radii of the circle, slide 
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on the arc, and are capable of being adjusted at any 

angle to the vertical throngh the highest point jl. At 

the centre of the circle is placed 

a small plane mirror m, which 

is exactly perpendicular to the 

plane of the circle. In making 

an experiment, a pencil of solar 

light s is directed along the 

tabe to the mirror m. Here 

the luminous pencil undergoes 

reflection, and takes a direction 

M E, which is ascertained by 

moving the tube e until the 

light can be seen as a bright 

spot in the mirror m, by looking 

along the tube. On reading off 

the numbers of degrees in the 

arcs A B and a s, we find that these arcs are equal. 

Hence the angle of reflection a m e is equal to the 

angle of incidence a m s. The first part of the law is 

proved by the arrangement of the apparatus, since the 

plane of the rays s m and m e is parallel to that of the 

graduated circle, and consequently perpendicular to 

the plane of the mirror h. 




Fig. 2. 
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MIBBOBS. 

9. Bodies having polished surfaces in which objects 
can be seen by reflection are called mirrors. Mirrors 
are divided, according to their form, into plane, con« 
cave, convex, spherical, parabolic, &c. 

Imagep, 

10. Before discussing the properties of mirrors, it 
is necessary to consider what is meant by the image of 
an object. If an object be placed before an opaque 
screen having a small aperture about the size of a pin- 
hole in it, and a sheet of paper be held at a short 
distance beyond the screen, a picture or image of the 
object will be seen on the paper. Suppose the screen 
and paper to form opposite sides of a box, as in the 

figure, then the rays from the 

upper end of the object will 

pass straight through the hole, 

A. I ^"""^^Ji and ^^ illuminate a point a 

on the back of the box with 
^* * their own colour; the rays 

from the lower extremity of the object will do the 
same at a point b above the former, and rays from 
intermediate points will fall in a similar manner 
between a and b. When the hole is small the rays 
from any one point of the object can fall only on the 
point of the screen which is opposite to it, and hence 
the smaller we make the aperture the more distinct will 
be the picture of the object. If we enlarge the small 
hole the picture will become more indistinct, and the 
colours fainter, and when the hole reaches a certain 
size, the light from diffeient pom\.ft oi \}^^ ^V^^^^t mil 
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&I1 on the same part of the urd, and no image will be 
formed. Images in everj way similar to the above, 
but much brighter and more distinct, may be prodnced 
with a larger aperture by means of mirrors and lenses, 
the natnre of which we proceed to explain. 



To explain ihe formation of imageamth a plane mirror. 

II. When objects are placed before a plane mirror, 
images of the objects are produced by the reflection of 
the light which passes from the objects to the mirror. 

Let o be a point in the object, and a b a right section 
of the mirror by a plane throngh o. Lnminoas rajs 
proceed from this point ■ 
in all directions, and 
some of them fall on the 
mirror. Let ns select 
one of these, ou; let 
M N be the normal at h, 
and K It the direction of 
the refleot«d ray. Draw 
o I from 0, perpendicular 
to tiie minor, and coatinne n m to meet o i in i. 
Because HN ia parallel to oi, the angle bvx is equal 
to the angle l, and o M k to the angle o. But hy the 
law of reEection khx ■- oxk, therefore, also, i = o, 
and the triangles moo, ■ i a, having a common side 
and the anglea of tiie one respectirely equal to the 
angles of the otlier, aie eqnal ; consequently o ^ i o. 
Thus the ray ■ n ptooeeds as if it came from a point i 
at the back of the mirror, at tlie same distance from 
it as the point o, and in the s 




dmilar demonstration might be applied to auj other 
refiected ray ; hence dl the ra;B nfter reflection pro- 
ceed as if they came irom the point i. i is therefore 
the image of o. 

Similarly, every other point of the object has it« 
image aa &r behind the mirror as the pomt is in front. 
The images of all the p<»Dts in the body form tlie 
image of the body. 

To draw the path* of the r<^t hg which tie image 



IS. Of all the reflected rays appearing to proceed 
from one pwit of the image only a small pencil irill 
enter the eye of the obeerrer. In order to determina 
this pendl we mast first drtermine the image i of the 
point o by the preceding Un ; then draw lines from 
the point i to the eye of the observer. Let a b be tbe 
points of the mirror in which the extreme line inter- 
sects the mirror ; then the pencil of rays which comes 
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origlnnlly from o will be reflected at a b, and rench the 
eye of tbe obserrer e. A similar pencil mil; be dnwn 
for every p<ttnt of the object. It nill be seen Hint only 
the part a b of the mirror a concerned in the reSMtion 
of the light to the eye. 

Limiti lifvitihitity of the image. 

Let IK, I L, be straight lines from a point i of the 

image through the limits k and n of the mirror, then it 

is evident that the eye of the ohserrermnBt bevrithiuthe 

angle k i l, in order that it may see the image i. (F^. 6.) 

Contimwd Beflectiona at Plane Uirron. 

Parallel Mirror*. 

13. Let M N, p Q, be sections of two parallel mirrors, 
bisected by a plane perpendicnlar, and let o be a point 
of the object in this plane, o has an image i, to the 
left of u s, and an image i' to the right of p q. Light 
from o, afl^er reflection by m n, proceeds as if it came 
from T, and some of this light falls on pq. 



Thisvrill form an image of i, to the right of pq; 
similarly an image i" of i, will he formed as far to the 
left of H n as I* is to the right. These images again 
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will hftve other images, so that an endless snccesslon of 
images will be formed to the right and to the left 
of M N, p g. If we mark off, on each aide of the mimn, 
distances a„ a,„ a,,^ &c., and o', a", a"', &ts., each 
equal to the distance between the mirrors, one image 
will fall in each of these spaces thiu marked off. 



14. Let GA, OB, be perpendicular sections of two 
plane mirrors. Let q be the position of an object 
within the angle a o b formed by the mirrors. With c 
as centre describe a circle passing throagh a, then it 
will be proved that two series of images will be formed, 
all of which lie on the circumference of this circle. 




Let i be the first image formed by a o, then dnce 
I* is determined by drawing a perpendicular to the 
Burror ao, and measaring an eqoal distance on the 
opposite side, t and q ue ei^mdiaVuiX licim. (l. A^tuu, 
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t' bas an image t'^ formed by the mirror b o, and found 
by drawing t' t'' perpendicular to bo, and of such a 
length that the line t' t" is bisected by b o ; hence, 
a and t'' are equidistant from o. Similarly, q has an 
image i^ formed by d b, t^ an image formed by a o, and 
so on, and it may be shown that all the images are 
equidistant from o ; hence they all lie on the circum- 
ference, having o as centre and o q as radius. 

When we arrive at an image as t^^, or t"" in the 
figure falling within the angle formed by continuing A c 
and B 0, that image is the last of the series ; for since 
it falls at the back of both mirrors, no light proceeding 
from it can fall on the face of either mirror. 

Set off from a and b arcs equal to a b, then there 
will be one image in each arc, excepting in those which 
overlap the arc a' b'. 

If the angle a c b be an aliquot part of 180% the 
images of every point in the arc a q b will occur the 
same number of times, and the whole series will be 
symmetrical. We will investigate the number of 
images in several cases. 

Two mirrors at right angles. 

15. Let the mirrors be at right angles (I^g. 9), 
and let o be the luminous point. There will be one 
image, i', as far behind A o as o is in front, and another, 
i!"y as far behind b d as i is in front. There will be an 
image of f as far behind the continuation of b d as i is 
in front, and an image of i"' as far behind the con- 
tinuation of A as i'" is in front, but these last 
images will coincide at the point i" ; hence there are 
three images. 



To iravt tie direolion qfthe raga hg vihieh th» tneral 
image* wilt be teen. 

16. Let E mark the position of the eye. DriiW the 
line ni', cutting a o in o, and also drair oo, then 
) raj bj which i* is Been 
I proceeds from i to o and 
I from to B. Noirdrav the 
le K i'" intersecting b d in d, 
land also draw do. The 
I light by which i'" ia seen 
I proceeds from o to D and 
I from D to fl. 

Again draw the line t"i. 
I This line will either intersect 
A (in which case i" will be 
seen as the image of i*"} 
or BD (in which case i" will be seen as tiie image 
of i'). Suppose s i" to intersect b n in b, draw B i* 
intersecting a o in a, and draw a o. The light by 
which i" is seen proceeds from o, is reflected at a along 
A B, and again at b along B k. 




Fig. 9. 



Images of an o^ecl/ormed hy inclined plane mirron. 

17. What has been said of the image of a single 
point applies equally to all points of an object. Sap- 
pose, for example, that the mirrors are at right angles, 
there will be three images of the object (Fig. 10). 

Agun, let the magnitnde of the angle be 60>. At 
the point o (Fig. II) we may constnict six angles of 
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60° eacl; in one of these, namely, the Angle a bo, 
there will be the object, and in each of the other five 
there will be an inu^ of this object. 

If the angle be 45°, i 
ve shall haye eight 
angles, and therefore 
seven images. 

The laws of the for- 
mation of images with 
inclined mirrors may be 
thus collected: — 

Ist. If the angle of 
the mirror be contained 
an exact nnmber of 
times, as, for instance, 
« times in S60°, the 
nnmber of images is in ' 
general n; but the num- 
ber is reduced to n — 1 
in two cases, (a) when 
n is even, (6) when the 
object is on the bisector 
of the angle between 
the mirrors. 

2nd. If the angle of 
the mirror be con- 
tained « times in 360° 
with a remainder, the 
namber of images is at least 
of the object the number is n 




Fig. 11. 
, and for certun positions 
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Examination. 

1. Define the tenns Pendl, Bay, Fooos of Light; and also 
the terms Angle of Inddenoe, Angle of Eefleotion, Angle of 
Befinotion. 

2. State the Laws of Befleetion, and describe any experiment 
by wbioh they may be xUnstrated. 

8. Explain generally the mode of the formation of images. 

4. Prove that the image of a Inminous point placed before a 
plane nurror is on the continuation of the perpendicolar to the 
mirror throngh the point, and is as fisur at the back of the mirror 
as the point is in front of it. 

5. Show that in a plane mirror the image is of the same 
dimensions as the olject. 

6. How is it that, when the image of a man who is writing is 
seen in a looking-glass, the man appears to write with his left 
hand, and the writing seems to slope to the left instead of the 
right? 

7. The image of a candle is visible in a looking-glass, draw the 
paths of the rays which enable an observer to see it. 

8. Show how to determine the limits of visibility of the image 
of an object in a room, on the wall of which is a small plane 
mirror. 

9. Two large plane mirrors are fixed to the opposite walls of a 
square room, examine the number and positions of the images of 
an object placed between them. 

10. A ray of light from a point A is reflected at a plane 
mirror B, and proceeds to a point G according to the Law of 
Befleetion ; show that the course AB + B C is the shortest possible 
course between A, the mirror, and B. 

11. Show how to determine, by a geometrical construction, 
the nimiber of images formed by two plane mirrors inclined at a 
giv^ angle. 

12. On two adjacent waUs of a square room there are two 
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large plane mirron, haw manj iniagei of n, candle in the toom 
maj a penon aeeP 

1 3. Show how to draw the course of the rajB by whioh the 
imagM in the preeeding example are aeen. 

11. How maoy inmges wonld the penoD see of himself? 



I^herlcal Hirrora. 

18. Bpberical mirrora are of two kinds : concave, as 
the interior surface of a watch-glass; and convex, as 
the exterior. A section hj a plane passing throngli 
the centre is termed a principal section, and the middle 
point of the arc of this section is termed the apex. 
The straight line throagh the centre and apex is the 
prindpal axis. 

To find the positiim of the principal fociis of a concave 



19. Let fi R be the path of a raj of li^lit parallel to 
the axis and incident at n on a concave mirror, of 




which i. is the apex and o the centre. The normal at 
n is the radins c n ; hence, if ef be the direction of the 
ra; after rejection by the law of reflection, z. a r o ^ 
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^FKO. Therefore also lvcr= i.r&c, and conse* 
qaently fr = fg. Nov let us Euppoae r very near 
to A, then FR^FA nearlj, and r bisects ao. This is 
tnie for all rays parallel to the axis and near to it; 
hence everj raj of a small pencil of parallel isje, the 
axis of which is the axis of the mirror, vill, after re- 
flection on a concave spherical mirror, meet the axis at 
a point equally distant from the mirroi and its centre. 

Principal Focut. 

20. The point /, towhich every ray of asmail pencil 
parallel to the asis converges, is termed the principal 
focus of the mirror. The distunce of the principal focns 
from the mirror is termed the Focal Length (^ the 
mirfor ; hence, the focal length of a spherical mirror is 
equal to half the radius. 

To find, by a geometrical construction, the mage of a 
luminous point. 

21. Let c be the centre of the mirror, and let p be 
the luminous point. To determine the position of the 
image of f, it vill besnfficientto find the point of inter- 
section of any tvo rays after reflection. Let one of the 
raye be that irhich passes throngh the centre, and will 

therefore, after reflection, 

return along the same 

'.. Let PB be any 

I other ray, let cb be a 

i tbtough the centre 

parallel to p n, and let 

I the point / bisect o b. 

Fig. 13. llveTi, Ni^ i«%«x.&ii^ <:r 
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as a prindpal axie, / its principal focus, and p e a 
Taj parallel to it, we Gee that after reflection the ray 
will paas throQgh /. Hence, if n/ be contioned to 
meet po in p', then p' will be the image of p. 

By repeating this constraction for different positions 
of F, it will be seen that — 

Isi. When the point is at a very great distance from 
the mirror its image will be at the principal focas. 

2nd. As the point approaches the mirror, the imago 
mores from f towards c. 

Srd. Wien the point is at the centre, all the rajs 
being normal to the snrfoce are reflected along the samo 
lines ; hence, in this case, the point is its own image. 

4th. When the point passes the centre to the left its 
image mores to the right ; for example, when the point 
is at p' the image is at p. Hence, each of the points 
p and p' is the image of the other. On this account 
they are termed conjugate foci. 

5th. When the point is at f, the reflected rays are 
parallel to one another and to the axis. 

6tb. When the point p has passed r and lies between 
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F and A (Fig. 14), rq, the reflected raji will never 
meet the axis. If, however, we continae qB| and also 
continue the axis, beyond the mirror they will intersect 
in a point i ; hence, an observer situated within the 
pencil of reflected rays, will receive the light from the 
point p as if it came from i. Hence, i is said to be 
the virtual focus of p. 

22. It is evident, therefore, that every point on the 
axis, excepting the principal focus, has an image on 
the same axis. 

Eeal and virtual foci. 

23. A focus is the point of intersection of the direc- 
tions of all the rays of a pencil after incidence on a 
reflecting or refracting surface. Let us suppose tfaa 
pencil to traverse a dark room. There are always pax<- 
tides of dust suspended in the air which scatter tbe 
light and make the pencil visible ; hence, the point npQjQ 
which the rays are concentrated will appear as the 
common apex of the two cones formed, one by rays 
converging to the point, and the other by rayi^ whidi 
having passed the point diverge from it. If a screen of 
paper be placed so as to intercept the light at the point, 
a bright spot will be seen on the screen. Hence, the 
focus is said to be real. 

When the raya of light actually pass through thefocuSf 
it is said to be real. When the rays themselves do not 
meet in the focus j hut only the continuations of their lines 
ofdirectionj the focus is said to be virtual, A virtual 
focus cannot be received on a screen ; it is only an 
appearance. Rays of light may be received by the eye 
as if they come from the virtual focus, but this is not 
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really the cue. A real focus m&j be received on a 
ecreen, and when seen by the eye the rays really come 
from it, haTing passed through it after reflection or 
refraction. 

Imaget of objects formed by concave mirrors. 

24. When an object is placed before a concare 

mirror, every point in the object has its image. The 

collection of these points form the image of the object. 

The image is real when the light passes through it, and .. 




virtual when the light does not pass through it. The 
following diagrams will illnstrate this difference. In 
Fig. 15 the candle ia placed in front of the concave 
mirror, and at a distance &om it greater than the focal 



length bat less than the ndias. If a screen of paper 
be placed near the candle and grsdaally moved awaj, m 
position will be found in which a distinct inrerted image 
of the candle will appear on the screen. This is a real 




Fig. le. 

image, and will be greater than the object, for always 
tilt ttze of the imageia to the site of the object at their 
distances from the mirror. 

If the candle be placed, as in f^g. IG, nearer to the 
mirror than the principal focus, the image cannot bo 
receired on the Bcreen ; but, on looking at the mirror, 
the image ma; be seen apparently behind it, erect and 
magmSed. The im^e in this case is Tirtnal. 
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OonTBX Kirron. 

To find tht principal focus. 

25. Let HAL be a perpendicnlar section of the mirror, 

a its centre, md oa its axie. 

to tiie axis uid inddent at n 

after reflection at s; and 

also let OK be the normal ' 

at R. Then by the law of I 

reflectioni.>rBT= _HBS, [ 

but ^KRTo^CRF and | 
i.iiR8=i.Bos', there- 
fore Z, CBF= iRCr, and 
conseqaently cv — rf. 
fint when the pencil is 
very small, r is very near to a, and fb U nearly equal 
to FA ; hence we may say that when the pencil is very 
email of = af. The focal length of the mirror is there- 
fore equal to half the radius, and being at the back of 
the mirror is negative. 




Fig. 17. 



To find the image of a Itinunous point 



26. Let c be the centre 
and A the vertex of the 
mirror (Fig. 18), and let 
p be the Inminons point. 
The ima^ of f may be 
determined by finding the 
point of intersection of any 
two rays from p After re- 




flection. Let one of these be fa, and let pb be vaj 
other ray. The refracted ray rt will not meet ap, 
bat if both these lines be prodoced beyond the mirror 
they ^ill meet. To determine the direction of bt, 
draw c n parallel to p r and bieect o b in y^ Then, by 
regarding on as the principal axis, to which the ray pb 
is parallel, we see that after reflection the ray bt will 
have the direction /b, Coneeqaently the point i, ui 
which /b cuts AC, is the image of p. 

It is evident, therefore, that the image alwayt lies 
between F and a when the mirror is convex, nnd is 
therefore always virtnal. 

From §§21,35, and 26, it will be seen that the image 
of any point p is always on the line pasBing throngh 
the poiut F and the centre of the mirror. 

To find by a geometrical construction Ihe poaititm and 
site of tlia image of a tJnall object placed before a 
spherical mirror. 
37. Let be the centre and r the prindpal focns of 

the mirror, and let un be the object. By § 22 the 




Fig. 10. 

image of the point h will lie in the line no. Again, let 
u R be the ray from ii parallel to ac ; by § 19, this ray 
After reflection will pass through f. Let bf meet ko 



cotmx HiBROBS. 33 

In m, then m ia the im&ge of u. Similarly, we mxj 
find the image of n by first drawing no, then a line KQ 
parallel to AC, and, thirdly, drawing the line 4F to 
meet mo in n. Hence mn is the image of the object 
JIN, The same constmction applies to a convex mirror. 
It will be at once eeen that if the image and object are 
on the same side of the centre, the image is erect ; but 
if they are on opposite sides of the centre, the image is 
inverted. The size of the image is to that of the object 
as their distances from the centre c, and also as their 
ili stances from a.. 

To show the course of the rat/3 by tchich tJta image it 

28. Let H N be the object. First find the image by 
§ 27. Let mn be the image. Next mark the poMtJon, 
E, of the eye. From e draw lines through n, and from 




Fig. 20. 

the points in which they meet the mirror draw lines 
to K. These lines represent the pencil of rays by 
which the point k is seen. To the eye the rays seem 
to proceed ftom n. Similarly, by drawing lines from 
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the eye through m, and continaing them from the 
points in which they meet the mirror to m, we ohtain 
the pencil by which m is seen. Pencils from inter- 
mediate points will lie between these extreme pencils. 

The formulcB connecting the position of a luminous pomt 

with that of its image, 

29. Let u be the distance of the point from a, and 

V the distance of its image from a ; let / be the focal 

length, and r the radias ; then the following formulas 

are always true : — 

1112. 
— + — = — :• = — for a concave mirror. 
V u f r 

11 1 2 . 

— + — = -== — for a convex mirror. 

V u f r 

The formula may be proved by referring to Fig. 13. In the 
similar triangles FC/and FFB 

CP' _ PP^ 
C/ PK 

but OP'==r — r, C/= Jr, PP* = u — r, and when the 
pencil is small P H » P A = u nearly. 

r — V u — V 
4r u 

V u r 

Examination. 

1. Define the principal focus of a mirror, and find the position 
of the principal focus, (a) for a concave spherical mirror, (b) for 
a convex spherical mirror. 

2. Show how to find by a geometrical construction the position 
of an image of a point in the axis. 
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3. Show how to find the position of the image of a point not^ 
on the principal ajds through the vertex of the mirror. 

4. Distinguish between real and virtoal images. 

5. Show how to find by a geometrical constraction the position 
and magnitude of an image of an object placed before a concave- 
mirror. 

6. Draw the course of the rays by which an observer in a giveni 
position would see the image. 

7. Explain the meaning of the formula 

JL JL — i- 

V u / 

8. Write this formula in the form, (a) for a concave mirror,, 
(b) for a convex mirror. 

9. A concave mirror, the focal length of which is 12 inches, is^ 
held at a distance of 18 inches in front of a candle ; where will 
the image be ? Can the image be received on a screen ? 

10. The image of an object is distant 8 inches from a convex 
lens of focal length 12 inches ; find the distance of the object. 

11. What is the focal length of the convex mirror which will, 
produce at a distance of 12 feet the virtual image of on object 
which is 3 feet distant from the mirror ? 

12. From the formula of Question 7 prove that with a concave - 
mirror, (a) the image is real when u is greater than /, (b) the 
image is virtual when u is less than /. 

13. Prove from the formula that with a convex mirror the- 
image is always virtual. 



EEFEACTION. 

30. Although a ray of L'ght will always move in the- 
same straight line when it is not interrupted, jet, when, 
light passes through glass or a transparent fluid, it 
does not reach the eye or illuminate a screen in the^ 
same manner as before it was intercepted by the trans- 
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parent body, Thie obTioiuly uises from the direction 
of the light being changed by some power wliich' 
Tesides in the body. In order to underBtand how tliia 
change is produced, let hnof 
be a vessel, in one of the sides 
of which, V o, there is a small 
hole at 4. If we place a lighted 
candle within two or three feet 
of the hole, so that its flama 
may be at a, a ray of light aq 
Fig. 21. proceeding from it will pasa 

throngh the hole q, and go on 
in a straight line, tt 0, till it reaches the bottom of the 
-vessel at c, where it will form a small circle of light. 
Having put a mark at the point o, ponr water into the 
vessel till it rises to the height st, and you will see 
that the round spot which was formerly at o is now at 
D, that is, the ray of light a q, which when the vessel 
was empty weut straight on to 0, has been bent at the 
point B, where it falls on the water into the line a d. 
If we mix a little soap with the water, so as to give it 
-a slight turbidity, the path of the ray b d will be dia- 
tiuctly visible, and it will be seen, that it is a straight 
line, and that the bending or change in its direction 
has been prodoced wholly at the point b in the surface 
■of the water. This bending of the ray is called 
refraction. 

31. If, instead of fresh water, we poor in salt water, 
it will be found that the ray a i is more bent at B, In 
like manner, alcohol will refract the ray more than salt 
-nater, oil more than alcohol, and glass mora than oil. - 
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Hence we may conclude that whenever a ray of light 
passing through air falld obliquely upon the surfaces of 
transparent liquid, or solid bodies, it is refracted by 
them, and by different bodies in different degrees. 

32. If, when the m n o p is empty, we fix o, a bright 
object, such as a sixpence, and place the eye at a, so 
that Q and a are in the same straight line, the six- 
pence will be distinctly seen by rays which proceed 
from c, and pass through the aperture to a. Let 
water be now poured into the vessel to the height 8 f , 
the eye at a will no longer see the sixpence at o ; but 
if we move it from o to d, it will become visible. 

33. The same effect will be produced if s Hs the surface 
of salt water, alcohol, oil, or glass; but with these 
substances we must push the coin beyond d towards o, 
in order that it may be seen from a. Hence we may 
conclude that when a ray of light passes through a 
liquid or solid body in a direction oblique to the surface 
on leaving the body, the ray is refracted, the amount 
of refraction being different for different bodies. The 
following law is proved by experiment to hold good in 
all these cases. 

Laws of Befraction. 

34. 1st. The incident ray, the refracted ray, and the 
normal, at the point of incidence, lie in the same 
plane. 

2nd. The ratio of the sine of the angle of incidence 
to the sine of the angle of refraction is always the same 
for the same media. 



^ 
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Explanation of the term Sine. 

S3. If a perpendioiilar be let fieJl from one of the ndes of an 
angle to the other side, the ratio of thia perpendionlar to the 
bypothennse of the right-angled triangle formed is termed the 

sine of the angle. Thna the tine of the angle 

B A C is the ratio t^* 

Suppose the length, A B, to be taken eqml 

to a nnit of length, — ^that is to saj, let A B^l, 

then the length of the perpendionlar exactly 

Fig. 22. represents the value of the sine. For example, 

let A B be taken equal to 1 foot, and suppose that B O is then 

found to be *58 feet, the sine of the angle B A is *68. 

86. Let Lo be a ray incident ato(Fig.24)on arefracting 
fiurface, and refracted along or; let do be the normal 
at o. By the first law of refraction, lo, or, and no 
are all in the same plane. Let a circle be described in 
this plane, having o for centre, and meeting the direc- 
tions L o, o R, in L and r respectively. Draw l s and 
RT perpendicular to oo, then whatever the angle of 

incidence may be, the ratio — remains the same. 

RT 

The ratio of the sine of the angle of incidence to 
the sine of the angle of refraction is termed the refrao 
iive index for the given media. 

87. Having given the direction of the incident ray 
and the refractive index, to determine the direction • of 
the refracted ray. Let a o be the incident ray, let a 
circle with o, as centre in a plane perpendicular to the 
surface, intersect o a in a, and let a c be the perpen- 
dicular to the surface. Divide oo by the refractive 




index, and set off the qaotient o d on the other side 
of o. Draw db perpen- 
dicular to the earface, 
and meeting the circttm- 
fersnce in b, then o b is 
the direction of the re- 
fracted ray, for it will bo 

seen that — is tiiesame 

as the ratio of the siues, 

and this ratio ia hy con- 

Btmction equal to the Tig, 83. 

refractJre index. Hence o b is the ray required. 

S8. When light pasBss from a rarer into a denser 
medium, the Talae of m is greater than unit;, and 
conseqaently the angle of refraction is less than the 
angle of incidence. When light passes from a denser 
into a rarer medium, m is less than unity, and the 
angle of refraction greater than the angle of incidence. 
Hence, by refraction, a ray of light is bent towards the 
perpendicalar when passing into a denser medium, 
from the perpendicular when passing into a rarer medium. 

Between atmospheric air and plate of crown glass, 

m= -^ nearly ; between atmospheric air and water 

4 
m = -^. When the light passes from glass or water 

into air, the refractive indices are the reciprocals of 

2 3 

the values just given, and are therefore -^ and— 

respectively. For bisulphide of carbon into air m ■— *S9. 
Alcohol to air tn ^ -71. 




Proof of tho Xiawi of Befraction. 

S9. Descartes, to 
whom is dne the dis- 
tiOTery of this law, 
employed a, spherical 
glass Tessel exactlj 
half foil of water, 
and caused a small 
pencO of light to 
eater the water at 
the centre. He then 
found that if the 
Fig. 21. pencil passed into 

sphere at l (Fi^. 24), and ont at it, the ratio of l b, 
the distaace of l from the vertical through the centra 
to K T, the distance of r from the same Teitical was 
constant. 

The law is best illnstrated experimentally hj means 
of a vessel formed of a ring of glass and two circular 
glass plates. The vessel is filled with water np to the 
centre. At the back of the glass is a rod lu (Fig. 24), 
movable about the centre o, so that it can be made to 
take the direction of tiie incident ray, and a rod ok 
also movable about the centre, to indicate the direction 
of the refracted ray. The length of the rod, o h, is 
exactly eqnal to that of on. A single beam of light 
is made to enter the vessel at a point, l, and to pro- 
ceed to o, and the rod lu is moved to take the 
direction of the beam, A screen is then placed below 
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the ressel, and the rod o n is made to take the direc- 
tion of the refracted ray, by causing it to point to the 
spot which is illuminated on the screen. A movable 
scale then gives the distances of m and k, from the 
vertical through o. It is found that whatever may be 
the angle made by the rod lm, the ratio of these 
distances is always the same. 

The limiting angle of refraction* 

40. Let m be the refractive index for two given 
media, the light passing from the rarer to the denser, 
and let a o (Fig. 23) be a ray incident obliquely at o. 
By the construction of § 37, draw o b, the refracted ray. 

Then it has been shown that — = m, or o d = — . 

OD m 

Now let A o be inclined more and more to the vertical, 

so that it approaches the surface ; then o o increases, 

and becomes more and more nearly equal to the radius 

of the circle, and then o d approaches the radius -^ m. 

O B 

Thus, the limit of od is — , and the limit of the 

m 

angle bon is such as will give — »=»«». Let us 

B o 

denote this angle by 6. If the light proceed from b 

along B o, then it will emerge along o a, provided the 

angle b o n be less than the limit 6. If the angle 

B o N be greater than 6, the light will not emerge, but 

will be turned back at the surface according to the laws 

of reflection. The ratio — is equal to the sine of the 

BO ^ 



angle n o n (§ 35) ; consequently, if m be the refractire 
index for the Turer to the denser of two media, the 

angle whose sine u eqnol to — is termed tie limitimg 

angle of refraction, or the limiting angle of total re- 
flection. It is sometimes also termed the eritical 

For instance, snppose the refractive index for ur to 

wotcr to be — . Constrnct the right angle d o K with 

a radius 4, and with centre, o, describe a rircle, cat off 
o D ^ S, and draw d b perpendicular to o d (Fig. 23). 
Tlie angle b O n will be the limiting angle of refraction. 
No light which passes through water to the surface, 
and is incident at an angle greater than box, can. pan 
out of the water. It will be totally reflected. 

41. Let o bealnminons point under water (FJg. 35); 
hj the abore construction find the limiting angle 
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(about 48*5*), and throngh o draw ou, oh*, each 
making an angle 6 with the vertical throngh o ; then 
rays of light passing iroin o to the snrface within the 
angle hoh' will emerge, bnt an7 ray OR felling 
withont the angle will be totally reflected in the direc- 
tiou KT. The effect both of refraction and of total 
reflection may be easily exhibited by taking a glass 
tumbler of water with a spoon in it, and holding it 
above the eye (Fig. 36), so sa to see the snrface of the 




rig. 28. 
water from below. The image of the spoon will be 
■een as in a mirror, by reflection. The part in tha 
water mil be seen by laja ^^Oa «t% iit'«wARA-*»'*ii^^ 



it will not appear as the direct continnalion of the part 
withoat the water. 



Efibcta of 

To Jind the relation between the true and apparent 

depths of an object under water, 

43. I/et L be a Inminone point in a dense tnedinin, 

as water. Let l a and l b be two rays from l, and let 

A o, B D, be their directions after paesiiig into the air, 

and let the continoations of o A and c b meet in l' ; 

tlien tlie eye which receives the pencil of which l a and 

are the extreme rays, sees the 

I point L as if it were at l', hence l' is 

the image of l. To find the position 

' l' when the pencil is rertical, let 

I consider only the ray lao. Let 

L be the perpendicular to the surface, 

' and let it meet the sur&oe in m. 

Fig. 37. When l a is very near to L s, l' is 



Al7 
normal; 

-^-rp is the une of the angle between i. a and the 

normaL 

Bet by tba law of refraction 

NA NA .u r .■ ■ .1 * ■ 

■ .- r -!- .-^~ '— m, the refractive mdex for air 
AI/ A L 

into water ; 

theiefoie it =■ m' 1l\,'. 
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If AbereiT nedr If then K L = m'Sh'. 

Thus, if (Z be the tme depth of a etream, and </ its 
apparent depth, 

then (2 »• d'-m. 

Since m is greater than 1 , an object in water will not 
Beem to be so deep as it really is. For example, a 
fish under water will seem to be nearer the snrf&ce 
than it is in reality. A sportsman aiming at the fish 
as he sees it will fire above it ; he must aim lower than 
the image of the fish in order to . 
hit it 

43. If a straight stick be placed in 
water, the image of the immersed part 
will be aboTe the part itself (§ 43), 
consequently thestick will appear bent, 
as in the fignre. I 

Fig. 28. 

PoMOfe of a ray through a transparent plaie mti 
parallel Jacet. 

44. "When a ray passea throngh a transparent plate 
with parallel faces, it emerges in a direction parallel to 
the direction of incidence. 
Let H N be the plate, s a 
the incident ray, a b the 
direction after refraction at 
the first anrface of the 
glass. Becanso the snr- 
foces are parallel, the angle 
K B A, whidi is the angle of 

at the second 
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surface, U equal to the angle i a b : md sinca if the 
light were rerereed it would proceed along the same 
path, the angle after emergence ebd— > a a. a, and 
therefore A s and b d are parallel. 

In the BBme way it may be ehown that if the ray 
pasaea throagh any number of plates with paralld 
faces, Bome of which are repeated, its directions io die 
same mediam are always paraUel. For example, if a 
ray paas through a seriea of plates as followa, the parts 
in 1 and 4 will be parallel, and so will be the parts in 
3 and 5. 

1 water 






5 glatt 



Demotion of a ray in ptuiing through a prttm. 
45. A medium bounded by two faces which intersect 
is termed a prism (Fig. 81). A plane perpendicular to 
the two intersecting faces is termed a principal plane. 
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Let OD be a raj from a liimiDons point o in the 
principal plane, which cots the prism in tlie section 
ABC. The ray is bent tDirards the normal at d, and 
on emergence it is bent again away from the normal 
at K, The ray is received by the eye h as if it came 
from o'. The angle between the emergent ray e. u and 
the incident ray o n is the angle of deviation. It is 
found that the deviation is alteayi towards the ihiekett 
part of the pritm. The deviation is a minimnm, that 
is to say, it is the least possible when the angle 
of incidence and the angle of emergence are eqnd 
(Fig. 81). 



46. Any portion of a refracting medium which has 
two opposite surfaces, either both spherical, or one 
spherical and the other plane, is termed a lens. 

47. The combination of spherical surfaces, either 
with each other or with plane surfaces, gives rise to six 
kinds of lenses, sections of vrhich are represented in 
Fig. 33 ; four are formed by two spherical sorfaces, 
and two by a plane and a spherical sDrfacc. 




A is a double convex, b is & platw-convex, o ia & am- 
verging concavo-convex, d ie a double c 
plano-concave, and r is s diverging t 
The lens o is also called the converging menitais, and 
ti !rgitig meniscus, 

48. From § 45 ve maj at 
once conclude that wlieu a ray 
passes through a lens the de- 
viation is always towards the 
thickest part (Fig. 33). Hence 
a pencil of hght may be made 
converging by a lens which is 
thickest in the middle, bat not 
by a lens which is thinnest in 
the middle. Consequently the 
first three lenses, which are 
thicker at the centre than at 
the borders, are termed corn- 
verging ; the others, which are 
thinner in the centre, ara di~ 
verging. In the first gronp, the 
double convex lens only need 
be considered ; and in the 
second, the donble concave, as 
the properties of each of these 
lenses apply to all those of the 
some gronp. 

49, The straight line which 
passes throngh the centres of 
the two spherical surfaces of 

j^ jg the lens is termed the prirtcipat 
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50. In everj Ions there is a point HQch that for 
every ray vMch pasaeH through the point the direction 
after emergence is parallel to the direction before 
incidence. This point is termed the optical centre of 
the lens. When the thickness of the lens is small, 
as is nsnally die case, the distance betireen the two 
parallel parts of the ray is also small. We may, there- 
fore, irithont sensibla error, suppose a ray passing 
through the optical centre to proceed without refraction, 
that ia to say, in the same straight line. 

Converging Lenses. 

The principal focuM. 

51. When a small pencil of rays parallel to the axis 
passes through a double convex lens, it converges to a 
point/(Fig. 34), which is termed the principal focus 




Fig. 3-1. 



of the lens. The distance cyof the principal focos 
from the lens is termed the focal length of the lens. . 
The focij length is always the same for the same lens, 
but it varies with the radii of the two snrfaces and 
with the refractive index. The focal length may be 
expressed in terms of these qnantitjes, bat ltxnll.w^&!»k 
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for oor present purpose if ne eoppose tlie focal length 
slirajrs to be determined experimentally. Since rays 
may be inddent on either side, it is evident that there 
are two principal foci, one on each side of the lens, 
and (neglecting the thickneea of the lena) equidistant 
from the optical centre. 

If rays from a luminous point at a great distance 
pass through the lene, they will meet at the principal 
focns. Hence we may determine the focal length of 
a convex lena by forming with it a distinct image of 
the sun on a sheet of paper, and then measuring the 
distance of the image from the lens. 

If rays from a laminona point placed at the prindpal 
foone pass through the lena, they will emerge parallel 
and will not converge to form an image of the point. - 

It is erident, therefore, that any ray nhatever which 
passes through the principal focus nill after refraction 
be parallel to the principal axis. 

3b find the foeiu of a tmall pencil of rayt parallel to 
one another, but not to the principal axil. 

52. Let be the optical centre, and f or f* the prin- 
dpal focus of the lens. To determine the focus, it will 
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be Baffident to find ihe point of interaectioo of any two 
rays. The most confenient nja for the purpose are 
tbe ray s c, vbich passes tlirongh the centre, and 
which we may suppose to contiDtie in the same straight 
line, and the raj r" u, which passes throngh the prin- 
cipal focns f', and consequently after refraction is 
parallel to the principal axis. Let / be the point of 
intersection of these rays, then / is the focns of the 
pencil. Since /kf'o is a parallelogram, k/= op'= cf, 
therefore X is on the line k vf drawn through the 
principal focns f perpendicular to the axis. 

Any other ray parallel to so will after le&actJon 
pass throngh /; hence the above proposition affords 
an easy way of determining the direction of any ray pn 
after refraction (Fig. 86). The rale will be — draw a 
line s o through o parallel to p b, and let it meet f k 
in/, then r/ is the direction of the refracted lay. 

Tojind ihe image qf a luminout poini on the 
principal axil. 

53. Let o be the optical centre of the lens, and let 
F be the principal focus on one ude, and f* the prin- 
cipal focus on the other side. Also let f'k be a 
perpendicular to the aiiis at f'. 




1st. Let p be fartber from the lens than v. The 
image of p may be detennined hj finding tbe point o. 
intersection of any two rsfs from p vhioh pass throogl' 
the Una. One of these raja may be p o, or that wUch 
passes throngh the centre. Let p b be any other ray. 
Through the centre o drav h a/ parallel to p b, and let 
it meet p'e in /. Then by § 52 p b passes throngb /, 
nnd the image of p will be found by prodncing the line 
R/to meet the axis in i. Now the triangles pbo, o/f', 
hare these sides respectirely parallel, and consequently 
proportional ; hence, as o f' is by hypotbeaia less than 
p o, therefore fF is less than o b, and tiie point i lies 
beyond f". It is evident, therefore, that when the 
point p is beyond tbe principal focus on one side, its 
im^e is beyond tbe principal focns on tbe other side. 
The image is therefore real. 

54. If p be dietant twice tbe focal length from tbe 
lens, that ia, if cf^2of, it may be easily deiaon-- 
strated by means of tbe abore constmction that 
01^ 2gp'; bence, in tbis poeition, the conjugate foci 
p and I are eqoidiatant from the lens. 

2nd. Let p be nearer to tbe lens than tbe principal 
focua. As in the prcTious case, let p r be any ray, let 
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M Cy drawn throagli the centre o parallel to p b, meet 
v^K m the point/. Then n/is the direction of the raj 
p B after refraction (§ 52), Let /b be continned to 
meet the axis in i. As the sides of the triangles b p o, 
/o f', are parallel, thej are also proportional ; but as 
o f' is by hypothesis greater than o p, therefore v'f is 
greater than o b, and i lies beyond p on the same side 
of the lens. As the light from p does not really pass 
through I, it is a virtual image of p. 

These results may, therefore, be summed up thus : — 
With a converging leus, when a luminous point is at 
an infinite distance, its image is on the opposite side 
of the lens at the principal focus. As the luminous 
point moves nearer to the lens, its image moves further 
away. When the point is at a distance equal to twice 
the focal length, the image is also at a distance equal 
to twice the focal length on the opposite side of the lens. 
(Fig. 33.) When the point reaches the principal focus 
on one side, the image has passed to an infinite distance 
on the other. Finally, when the point is nearer the 
lens than the principal focus, the image is further from 
the lens than the point, but on the same side. 



To find hy a geometrical construction the image of a 
point not on the principal axis. 

55. Let be the optical centre and f the principal 
focus of the lens, and let p be the luminous point. 

To determine the position of the image of p, it will 
be sufficient to find the point of intersection of any two 
rays which proceed from p and pass through the lens. 
The two most convenient laya fox \)tia YQ2^^^'^^*'^^*^'^ 
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ray passing tlirongh the centre and the nj parallel to 
the axis. Now, the raj p o from p through the centre 
vtll proceed in the straight line po (§ 50), and the 
ray pk, which proceeds from p parallel to the prin- 
I cipal axis, will after re- 
I fraction pasa Uirongh F 
I (g 51). Hence, if we 
I draw F E paraHel to tiie 
a, and then draw the 
I line EF meeting the con- 
' tinnafion of po in i, then 
^- *^- I is the image of p. 




Imacre of on object witli a Converging Ziona. 

56. Let o be the optical centre, and f the principal 
focns of the lens, and also let a b be the object. 

1st. Let A B be at a very great or infinite distance. 
All the rays from ab to the lens will be sensibly 
parallel, and will therefore converge to the principal 
focaa. The image will therefore be reduced to a 
point. 

2nd. Let a n be at a definite distance from the lens 
greater than the focal length. The image of a a may 
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be conatmoted u follows: — Draw from a the ray which 
passes throngh the centre o ; and also draw the lay 
A B to the lens parallel to the axis. The first of these 
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Tayswillproceeilin the straight line ao, and the second 
will pass through the principal focng f ; hence, if the 
line E F be drawn and continued to meet A o in a, then 
a is the image of a. Similarlj, hj drawing b o 
through the centre, b o parallel to the axis, and a w 
throagh the focos, meeting bo in i, we obtain b, the 
image of b ; a £ is therefore the image of a b. It is 
evident that the image is real and inverted, and smaller 
than the object, when the latter is at a distance greater 
than twice the focal length, and larger than the object 
when the latter is at a distance from the lens between 
once and twice the focal length. 

Srd. When the object is at the principal focns, the 
image is at an infinite distance. 

4th. Let A B be nearer the lens than the principal 
focus/ The image of A is obtained, as in the previous 
case, bj drawing a o throngh the centre a e paraUel to 
the axis, and zr throngh the principal focns. In this 
case, however, it will be found that f a and o a do not 



meet on tike side of the lens opposite to A, bat at liie 
point a, on the eame side as a. In the same way we 




Fig. 41. 
taaj find b the image of b. Hence we see that the 
image is Tirtual, erect, and larger than the object. 



Diverging Iiensas. 

The principal Jboit, 

57. When a small pencil of rays parallel to the axis 

passes through a doable concare lens, the rafs diverge 

after refraction by § 45. They do not therefore meet 

the axis in tiieir passage, bat if their directions be 
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contmned backvards, these will meet the uds In a 
point r. This point ia the principal focna, 

Tojtnd the Jbtnta of a pencU of rayi panlUl to one 
another, but not to the principal ami. 

68. Let o be the t^ticsl centre, f the principal focus 
on one side, and 
r'that on the other 
eide. Let fk be 
perpendicnlar to 
the principal t 
at the point f. 
To determine the 
focns of the pencil 
it will be sufficient ^- *^- 

to find the point of intersection of any two rajs. Let 
one of the raye be A o, vhicfa passes through the optical 
centre, and let the other be the ray bb, which, if con- 
tmned in the same straight line, would pass through f'. 
By § 57, after emergence, this ray b b will hare the 
direction b d parallel to the axis. Continue d b to 
meet ao iaf, then y is the focne of the pencil. Since 
/bf'c ia a parallelogram, / b — oi' = of, therefore/ 
is on the line f k. 

Ti>Jind the image of a point on the axit formed by a 
diverging lent, 

S9, Let o be tlie opticsl centre, and f the principal 
foCDB of the lens. Let fe be perpendicular to the axis 




4S 
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at V, and let p be tie laminous point. To determine 
the image of P it will be suiBcient to find the point of 
intersection of anj two rays from P through the lena. 
Let one of these be pc, which passes through the 




centre c. I,et p r be any other ray, and let a line 
through c parallel to PR cut f K ia f, then P R after 
refraction will have the direction of /n (§ 58). Let 
/r cut PC in I, then i is the image of p. It is eW- 
dent that p and i are both on the Gams aide of t^ 
lens, and that i is nearer the lens than r. 
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on the screen. On placing the eye at a distance of 
abont nine inches behind the paper, the image will be 
distiiictl J seen on it ; and if the paper be taken away 
while the eye is in a straight line with the image, lens, 
and object, the image will be still fisiUe at the place 
at which it appeared on the screen. 

The distance nine inches is here mentioned becaose 
the eye cannot see objects distinctly at a distance less 
than nine inches, and for ordinMry TiaiQii ^zatj^r more 
than nine inches is a co»v«ajeni\dialitw^^; . r^ 

The rays proceed to the eye from the image in the 
same way as from an object having the same position 
and dimensions. Hence, in order that the image may 
be seen the eye mast be beyond it and at a distance 
greater than nine inches. For instance, to find the 
position of the eye for distinct vision in I^gs. 39 and 
40, we must continue the line o f beyond a &, and place 
the eye at a distance from a &, which shall represent 
the ordinary distance of distinct vision. 

If the same lens be placed near any object, as, for 
example, a page of print, the image cannot be received 
on a screen, bat will be found on the same side as the 
object (Fig. 41) ; and, on placing the eye near the 
lens, the image will be seen erect and magnified. The 
rays from the object are refracted by the lens, and 
reach the eye with the same inclination as if they cttme 
from an object having the position and dimensions of 
the image. Hence, if a converging lens having a focal 
length of about three inches be used to look at a page 
of print when the lens is held at a distance of a foot 
from the eye the print a^^e«i.T« inverted, and when the 



MAGNIFTING POWER OF A LBN8. 51 

lens is held close to the eye, and at a distance of an 
inch from the paper, the print appears erect. 

Now, with a diverging lens the image is always 
\irtnal; consequently, however near or distant the 
object may be, it can be seen in an erect position when 
the lens is held near the eye (Fig. 45). 

The magnifying power of a lens. 

62. A lens magnifies an object when the image of 
the object seen at the distance of most distinct vision 
subtends a larger angle at the eye than the object 
would subtend at the same distance. 

The ratio of the angle under which the image is seen 
to the angle under which the object is seen measures 
the magnifying power of the lens. This ratio is found 
to be nearly equal to the ratio of the observer's distance 
of distinct vision (cT) to the focal length of the lens 
(/),or 

Magnifying power = — 

Thus for a person whose distance of most distinct vision 
is nine inches, a lens of ^-inch focus has 

a magnifying power i-« 18. 
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Formula showing the relation between the dietanees 
of two conjugate foci and the principal Jbeue from 
the lens. 

63. Let u =» the distance of a laminoas point from 
the centre of a lens, let v = the distance of the image, 
and let /:=> the focal length ; then it is fonnd that, if 
we consider lines measured in a direction opposite to 
that in which the light comes as positive, and those 
measured in the same direction as the light as negative, 

1 _ 1 1 

V «* '^ 7 

/ is always negative, for lenses which are thickest in 
the middle, and positive for lenses which are thinnest 
in the middle. 

This formula may be proved from Fig. 36. From 
the similar triangles p c r, c f/ 

CP CF 
and from the similar triangles i o r, i f/ 

CR^ F/ 
CI""FI 
Hence, if we divide the second equation by the first 
CI^FI^CI_CF 
CP""CF CF CF 



CI CP CF 

But cp = ti, 01 = — Vy and o f = — /, 
Therefore by prefixing the proper signs we have 

1— i =i 
V u f 



APPLICATI0K8 OF FORHULiC* 53 

A similar proof applied to Fig. 44 will establish the 
formula for concave lenses.. 

Example /. — ^A luminous point is 3 inches from a 
convex lens having a focal length of 5 inches ; find the 
position of the image. 

Here / = — 5, and w = 3 

1 1 _ 1 

•'• i ~ 3 " ~5 

1 — 2 

»"""*■ 15 

t? = + 7^ inches. 

The sign shows that the image is on the same side 
of the lens as the object. 

Example 2. — The image and object are to be six 
inches apart when the lens is between them ; what is 
the greatest focal length of the convex lens which will 
give this result ? 

Here / is negative and v is negative, since it is 
measured in the opposite direction to that of u, 

and u + r = 6. 
Now ^ - i = -^ 

U + V 1 

* * uv ~ / 

uv 

Hence / is greatest when u t; is greatest ; but if a 
line 6 inches long be divided into two parts u and Vj 
the rectangle contained by the parts is greatest when 
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the parts are equal, or u «-* o iss 8 inches. When 
this yalue is given to u and v, 

uv 



EjSAIilNATlON. 

1. State the Laws of Befraotion, and describe fidly any 
experiment by whioh they may be illastrated. 

2. Having given the angle of incidence, and the Tefractxre 
index, show how to determine the direction after refraction. 

8. A ray of light fells on the Bur&oe of water bo as to maike 
with' the vertical an angle of 60^. Having given the refractive 
index = ^, constmct the angle of refraction exactly, and give its 
value in degrees approximately. 

4. Why should a lake the bottom of which yon can see appear 
shallower than it really is ? 

5. What is the relation between the apparent depth and the 
tme depth of an object nnder water when the observer is 
vertically above it P 

6. What will be the apparent depth of a stream the true depth 
being 20 feet P 

7. Having given the refractive index for air to water «s ^, and 
for air to glass bs f , find the refractive index for water into 
glass. (Apply i 44.) — Ans. f. 

8. If a person below the 8nr£EM$e of a lake was able to see an 
object on the bank, what would be the appearance of the olject P 

9. How is it that a coin placed in a tnmbler looks larger when 
the tnmbler is frdl of water than when it is empty ? 

10. What is meant by the limiting angle of total reflection P 

11. A beam of light impinges as a perpendicular on one of the 
sides of a right-angled prism. It enters the prism and meets the 
hypothennse. Prove that it will be there totally reflected. 
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12. Define the tenns Principal Focus, Optical Oentreb and 
Principal Azia of a Lens. 

18. A double ooncave lens of focal length 1 inch is used to look 
at an object half an inch from the- lens ; where is the image P 

14. With this lens, where will be the image of an object 
H inches from the lens ? Show how to find the focal length of a 
converging lens with a screen and a candle. 

15. If the candle and screen be 8 feet apart, and the lens 
midway between them, what is the focal length P 

16. It is desired to find the focal length of a diyerging lens. All 
the lens is blackened, excepting a small circle at the centre of 
8 ins* in diameter. A pencil of srmlight is made to pass through 
the apertore, and a screen is held behind the lens at a distance of 
18 inches. It is then found that the circle illuminated is 1 foot 
in diameter. Show that the focal length is 6 inches. 

17. In the aboye example what must be the distance of the 
screen from the lens that the diameter of the circle illuminated 
shall be twice that of the aperture of the lens? 

18. With a conyerging lens the image of a candle is thrown on 
a screen which is 6 feet from the candle, and the focal length of 
the lens is 16 inches ; find the distances of the candle and the 
screen from the lens. — Ans, 4 ft. and 2 ft. 

19. With a double concave lens an observer, who knows his 
distance of most distinct vision to be 10 inches, sees an object 
most clearly when it is placed 15 inches from the lens ; find the 
focal length of the lens. — Ans. 80 inches. 

20. From f 45 prove that the focal lengths of a convex and 
concave lens have opposite signs. 

21. Explain fully the meaning of the formula 

ill 
V u / 

22. From the formula prove that with a converging lens the 
image is real when at agreater distance than the principal focus, 
and virtual when nearer to the lens than the principal focus. 

28. Show from the formula that with a lens which is thinnest 
in the middle the image is always virtual. 
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24. Find the fooal length of a lens which throws the image of 
an object which if 5 feet distant on a screen which is 8 feet 
distant. 

25. A doable concave lens, having a focal length of 8 inches, 
is held at a distance of 2 inches from a small object ; find the 
position of the image. 

26. If in this case the object be 4 of an inch in diameter, 
find the diameter of the image. 



THE END. 
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